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Abstract. We give explicit analytic criteria for two problems associated 
with the Schrodinger operator H = -A + Q on L'^{W) where Q e D'(R") 
is an arbitrary real- or complex-valued potential. 

First, we obtain necessary and sufficient conditions on Q so that the 
quadratic form {Q-, ■) has zero relative bound with respect to the Laplacian. 
PU ' For Q g Lj'qj,(R"), this property can be expressed in the form of the integral 

(— I . inequality: 



(N 



< 



a 



c^ 



|u(a;)| Q{x) dx 



< e ||Vu||i.(R„) + C{e) ||u||i.(j,„), yu e C„°°(M"), 



for an arbitrarily small e > and some C(e) > 0. One of the major 
steps here is the reduction to a similar inequality with nonnegative function 
^ ■ |V(l-A)"i Qp + |(l-A)~i Q\ in place of Q. This provides a complete solu- 

^^ . tion to the infinitesimal form boundedness problem for the Schrodinger op- 

•^ ' erator, and leads to new broad classes of admissible distributional potentials 

r~i . Q, which extend the usual L^ and Kato classes, as well as those based on 

(<— ^ ' the well-known conditions of Fefferman-Phong and Chang- Wilson- Wolff. 

^^ . Secondly, we characterize Trudinger's subordination property where C(e) 

CD ' in the above inequality is subject to the condition C(e) < ce~^ [fi > 0) 

^ , as e — > -|-0. Such quadratic form inequalities can be understood entirely 

in the framework of Morrey-Campanato spaces, using mean oscillations of 
V(l — A)^^(5 and {l — A)~^Qon balls or cubes . A version of this condition 
where e G (0, -t-oo) is equivalent to the multiplicative inequality: 



|m(x)P Q{x) dx 






X. 

jrt ' with p = j^ G (0, 1). We show that this inequality holds if and only if 

VA^iQ e BMO(M") if p = 5- For < p < i, it is valid whenever VA~^Q 
is Holder-continuous of order 1 — 2p, or respectively lies in the Morrey space 
£^^'*' with X~n + 2 — 4pii^<p<l. As a consequence, we characterize 
completely the class of those Q which satisfy an analogous multiplicative 
inequality of Nash's type, with ||u||li(B") in place of ||u||l2(R")- 

These results are intimately connected with spectral theory and dynam- 
ics of the Schrodinger operator, and elliptic PDF theory. 
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1. Introduction 

In the present paper we obtain necessary and sufficient conditions for the 
infinitesimal form boundedness of the potential energy operator Q with respect 
to the kinetic energy operator Hq = —A on L^(]R"). Here Q is an arbitrary 
real- or complex- valued potential (possibly a distribution). This notion ap- 
peared in relation to the so-called KLMN theorem ( |RSij . Theorem X.17), and 
has become an indispensable tool in mathematical quantum mechanics and 
PDE theory. Furthermore, we characterize explicitly a related form subordi- 
nation property oi Tindrngei type. (See |Ka2j . |R,Sij . |R,SSj . |Schj . |Truj . and 
the literature cited there.) 

Both of these notions play a major role in studies of asymptotics of the 
spectral counting function for self-adjoint and non-self-adjoint Schrodinger op- 
erators |BiSoj , |Grlj , |Gr2j , |MMlj , |MM2j , generalized eigenvector expansions 



|Agr| , |RSSj ■ Schrodinger semigroups |Davlj . |Dav2j . |LPSj . |Simj . stochastic 



processes and elliptic PDE jAiSij . |CZhj . |Truj . Nevertheless, a complete ana- 
lytic characterization of the corresponding classes of admissible potentials has 
been an open problem until now. 

More precisely, we characterize the class of potentials Q G P'(M") which are 
— A-form bounded with relative bound zero, i.e., for every e > 0, there exists 
C(e) > such that 

(1.1) \{Qu, u)\ < e||VM||i2(K.) + C{e) ||w||i.(R„), Vm G C^{W). 

The preceding inequality ensures that, in case Q is real- valued, a semi- 
bounded self-adjoint Schrodinger operator H = Hq + Q can be defined on 
L^(R") so that the quadratic form domain Q{H) coincides with Q{Hq) = 
W^''^{MP). For complex- valued Q, it follows that H is an m-sectorial operator 
on L2(R") with V{H) C W^'\R'^) ([ESiI, Sec. X.2; JEEJ, Sec. IV.4). 

Our characterization of ()1.1|) uses only the functions |V(1 — A)~^ Q\ and 
1(1 — A)^^ Q\ (see Sec. |21 Theorem I), and is based on the representation: 

(1.2) Q = divf + 7, f(x) = -V(l-A)-ig, 7=(l-A)-iQ. 

In particular, we will demonstrate that, necessarily, P G ^^^iW")"- , 7 G 
Ll^^{W^), and, when n > 3, 

(1.3) lim sup (5^-" /" f|f(x)|2 + |7(x)|) dx = 0, 



'5^+0 xoeM" JBs{xo) ^ ' 

once p.ip holds. Here B^{xq) is a Euclidean ball of radius b centered at Xq. 

In the opposite direction, it follows from our results that (|l.ip holds when- 
ever 

(1.4) lim sup 5^'^-" /" (|f(x)|2 + |7(a;)|)' dx = 0, 
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where r > 1. Such admissible potentials form a natural analogue of the 
Fefferman— Phong class |Fef] for the infinitesimal form boundedness problem, 
where cancellations between the positive and negative parts of Q come into 
play. It includes functions with highly oscillatory behavior as well as singular 
measures, and contains properly the class of potentials based on the original 
Fefferman— Phong condition where \Q\ is used in fjl.4|) in place of |rp + |7|. 
Moreover, one can expand this class further using a sharp condition due to 
Chang, Wilson, and Wolff |(]hW WJ applied to |f|2 + |7|. 

A complete characterization of (ll.lj) given below involves discrete Carleson 
measure sums over dyadic cubes, together with equivalent local energy and 
pointwise potential conditions (Sec. 121 Theorem II). In the proofs given in 
Sec. El we overcome considerable technical difficulties using a series of new cru- 
cial estimates for powers of equilibrium potentials, factorization of functions 
in Sobolev spaces, and theory of 74p-weights, along with appropriate localiza- 
tion arguments, and good understanding of trace inequalities for nonnegative 
potentials Q studied respectively in Sec. Eland Sec. El 

Among well-known sufficient conditions for ()1.1|) . which ignore possible can- 
cellations, we mention: Q G L^{W) + L°°(M") (n > 3) and Q e U{R^) + 
L°°(M.'^), r > 1 (n = 2) (see ^BrKj ) . as well as Kato's condition Kn introduced 
in |Kn| : 

(1.5) lim sup / ^'^^^'}_^ dx = 0, n>3, 

•5^+0 xoSM" Jbs{xo) F -Xor 

(1.6) lim sup / log-j -\Q{x)\dx = 0, n = 2. 

Kato's class proved to be especially important in studies of Schrodinger 
semigroups, Dirichlet forms, and Harnack inequalities |Agm| , |AiSij . |Simj . 
Our results yield that actually (ll.lj) holds for a substantially broader class of 
potentials for which |rp -|- I7I G Kn- 

We emphasize that no a priori assumptions were imposed above on C(e). 
An observation due to Aizenman and Simon states that, under the hypothesis 
C(e) < ae'"' '' for some a,b > and < p < 1, all potentials Q which obey 
fll.lj) with \Q\ in place of Q, are contained in Kato's class. This was first 
proved in [AiSij using the Feynman-Kac formalism. In Sec. |31 we give a sharp 
result of this kind with a simple analytic proof. We show that if (ll.lj) holds 
with IQI in place of Q G LlM"^), then for any C(e) > 0, 

(1.7) sup / -M^dx<c T'^^ds, n>3, 



'1.8) sup / log-j -\Q{x)\dx<c / -^ ds, n 

X0&? Jbs{xo) \x-Xq\ Js-2 S^logS 



+00 



Cis) 
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where c is a constant which depends only on n, and 6 is sufficiently small. Here 
C{s) = infe>o {C'(e) + s e} is the Legendre transform of — C(e). In particular, 
it follows that the condition C(e) < ae^'^ '' for any p > is enough to ensure 
that Q E K2 in the more subtle two-dimensional case. 

In the second part of the paper, we study quadratic form inequalities of 
Trudinger type where C(e) in (jl.ll) has power growth, i.e., there exists eo > 
such that 

(1.9) \{Qu,u)\<e\\Vu\\l,(^^„) + ce-''\\u\\l,^^^^, V« G Co^(R"), 

for every e G (0, eo), where /? > 0. Such inequalities appear in studies of elliptic 
PDE with measurable coefficients |Truj . and have been used extensively in 
spectral theory of the Schrodinger operator (see, e.g., |RSSj . Sec. 20). 

As it turns out, it is still possible to characterize ()1.9p using only |r| and 
I7I defined by ()1.2|) . provided /5 > 1. We will show below (Theorem IV) that 
in this case p.9|) holds if and only if both of the following conditions hold: 

(1.10) sup 5^fe^-" / \f{x)\'^dx<+oo, 

0<S<So 

2/3 f 

(1.11) sup (^z^+i " / \'y{x)\dx < +00, 

X06IR" Jbs(xq) 

0<5<5o 

for some <5o > 0. However, in the case /? < 1 this is no longer true. For (3 = 1, 
(|1.10p has to be replaced with the condition that F is in the local BMO space, 
or respectively is Holder-continuous of order j^ if < /3 < 1. 

In the homogeneous case eo = +00, p.9p is equivalent to the multiplicative 
inequality: 



2p ,, ,|2(l-p) 



too / 







(1.12) \{Qu,u)\<C\\Vu\\f,^^^^\\u\\l\'[l\, VwgC, 

where p = -^ G (0, 1). In spectral theory, ()1.12p is referred to as the form 
p-subordination property |Xgr], [HrTj . [GrSj, |MMlj . [RHE]- 

For nonnegative potentials Q, where Q coincides with a locally finite measure 
/i on M", inequality ()1.12|) is known to hold if and only if 

(1.13) i,{Bs{xo))<c6^-'P, 

where the constant c does not depend on S > and xq G M" ( |M2j . Sec. 1.4.7). 
For general Q, we obtain the following result (Theorem V): If p > |, then 
()1.12|) holds if and only if VA~^Q lies in the Morrey space £^''^(R"), where 
\ = n + 2-4p. For j9 = 1, it holds if and only if VA'^Q G BMO(M"), and for 
< p < |, whenever VA~^Q G Lip]^_2p(M"). These different characterizations 
are equivalent to ()1.13|) if Q is a nonnegative measure. 
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As a consequence, we are able to characterize those Q which obey an anal- 
ogous inequality of Nash's type: 

(1.14) |(Q«, u)\ <C\\Vu\\%,^^, ll^llSrv V« G Cq-^-"^ 



where p G (0, 1). In fact, the preceding inequality has two critical exponents, 
P* = ^ and JO* = ^. We will show in Sec. 6 fCorollarv l6.8|) that, for < p < 
p*, p.l4|) holds only if Q = 0, whereas for p = p^'it follows that Q G L°°(M"'), 
i.e., it is equivalent to Nash's inequality ( |LLj . Theorem 8.13). For p > p^,, the 
validity of p.l4|) is equivalent respectively to: VA~^Q G Lip„^^_p(^_,_2)(M") if 
p^ <p < p*; VA-^Q G BMO(M") Up = p*; and VA^^Q G C^'^iW), where 
A = 3n + 2 - 2p{n + 2), ii p* < p < 1. 

There is an interesting connection of our form subordination theorems, in 
the sufficiency part, with estimates of the type: 

\\{u-V)u\\n^R^) <c\\u\\L2(^Rn)\\Vu\\L2(Rrr), dlv M = , WeC^iR'')'', 

where ?i^(M") is a real Hardy space ( |St2p . Such inequalities and their gen- 
eralizations considered in Sec.|ni(see Lemma f6.6p are useful in hydrodynamics 

(IClmEI, [Co]). 

Our proofs of the necessity statements are generally more delicate than 
those of the sufficiency. They make use of factorization of functions in Sobolev 
spaces, and sharp mean oscillation estimates for "anti-derivatives" of Q. Our 
methods based on a combination of ideas from potential theory, Sobolev spaces, 
nonlinear and harmonic analyses have been developed over the past ten years 
|HMVj . |MVlj - |MV4j . We believe that this approach has a broader scope, 
and might be useful with regards to higher order elliptic operators, pseudodif- 
ferential operators, harmonic analysis and nonlinear PDE problems (see, e.g., 
EBij, |Di^ . (D^ . PFef ). 



We conclude the introduction with a brief outline of the contents of the 
paper. In Sec. |21 we introduce some notation and state our main results. The- 
orems I— V. In Sec. EJ we present a useful localization principle for quadratic 
form inequalities using a Legendre transform associated with the function C(e). 
This localization will be employed throughout the paper. Sec. |3]is devoted to 
a study of the corresponding integral inequalities for nonnegative potentials 
Q (locally finite measures). In particular, we discuss connections with Kato's 
condition which is important to Schrodinger operators and elliptic PDE. 

The proofs of the main results are given in Sections and IHl where we treat 
general distributional potentials Q. In Sec. El we establish necessary and suffi- 
cient conditions for — A-form boundedness of the potential energy operator Q 
with relative bound zero. In Sec. IHl we obtain subordination criteria for qua- 
dratic forms associated with the Schrodinger operator, and discuss connections 
with the compensated compactness phenomenon. 
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2. Main results 

Throughout the paper we will be using the following notation and con- 
ventions. We denote by W^''^{M.'^) the Sobolev space of weakly differentiable 
functions on M" {n > 1) such that 

||'w||vKi.2(R") = ||m||l2(IR") + ||VM||L2(-]Un) < +00, 

and by W~^'^{W^) = W^''^(W^)* the dual Sobolev space. For a compact set 
e C M", the capacity associated with W^'^iW") is defined by 

cap (e) = inf < ||m||m/i.2(]R") '■ "" ^ C^(M"'), u{x) > 1 on e L 
For < r < oo, we denote by Lunif(M") all / G L[„^(M") such that 

By L^(R")" we denote the class of vector fields f = {Tj}]^^ : M" -^ C", 
such that Tj G L''(R"), j = 1,2, ... ,n, and use similar notation for other 
vector-valued function spaces. 

By M"'"(R"') we denote the class of nonnegative locally finite Borel measures 
on M."'. If Q G V'iM."') is nonnegative, i.e., coincides with /i G M~^{W^), we 
write J^„ \u{x)\'^ dfi in place of {Q, |ttp) = {Qu, u) for the quadratic form 
associated with the distribution Q, if -u G C^(]R"). Sometimes we will use 
Jjg„ |ti(a;)p Q{x) dx in place of {Qu, u) even if Q is not in Lj'-q^(]R"). 

We set 

niBU) = T17\ I f{x)dx 



\B\JB 

for a ball B C W, and denote by BMO(R'') the class of / G Lrocl^'') ^^r which 
^^P IP / M / \f{x)-mB,(^o){f)\''dx<+oo, 

xoeM",<5>0 \^5[Xo)\ JBsixo) 

for any (or, equivalently, all) 1 < r < +oo. 

We will also need an inhomogeneous version of BMO(M") (the so-called local 
BMO) which we denote by bmo(R"). It can be defined in a similar way as the 
set of / G LJ^j^if (R") such that the preceding condition holds for < 5 < 1 (see 
[Rt2| . p. 264). 

The Morrey space £''''^ (r > 0, A > 0) consists of / G LJ'q^(R") such that 

sup / \f\^dx<+oo. 

xoeM",5>0 \Bs{xQ)\^^n Jbs{xo) 

In the corresponding inhomogeneous analogue, we set < 5 < 1 in the preced- 
ing inequality. It will be clear from the context which version of the Morrey 
space is used. 

We now state our main results. 
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Theorem I. Let Q G 'D'(]R"), n > 2. Then the following statements hold. 
(i) Suppose that Q is represented in the form: 

(2.1) g = divf + 7, 

where T G Lj^qj,(]R")" and 7 G Ll^^{W^) satisfy respectively the conditions: 



J^^\rix)\^ \uix)\^ dx 

111J.X ou.jy ou-jy II I 

-5^+0 xoeK" u \\^'^\\L^{Bs{xo)) 



(2.2) lim sup sup ^L, 112 = 



J^^^x)\\u{x)\^dx 

XAXJ.X OU.J^ OU.J-/ II j" 



(2.3) lim sup sup '^ili 112 = 



where u G C^{Bs{xq)), u ^ 0. Then Q is infinitesimally form bounded with 
respect to —A, i.e., for every e > there exists C(e) > such that (jl.lj) holds. 
(ii) Conversely, suppose Q is infinitesimally form bounded with respect to 
—A. Then Q can be represented in the form (j2.1|) so that both (|2.2|) and (j2.3|) 
hold. Moreover, one can set T = — V(l — A)^^Q and 7 = (1 — A)^^Q in the 
representation (j2.ip . 

Remark 2.1. In the statement of Theorem I one can replace conditions (j2.2p 
and (j2.3|) with the equivalent condition where |(1 — A)^2Q|2 is used in place 
of |f|2 in (Q. 

The importance of Theorem I is in the means it provides for deducing ex- 
plicit criteria of the infinitesimal form boundedness in terms of the nonnegative 
locally integrable functions |rp and |7|. 

Theorem II. Let Q G P'(M"), n > 2. The following statements are equivalent: 
(i) Q is infinitesimally form bounded with respect to —A. 
(ii) Q has the form (jZID where f = -V(l - A)-^ g, 7 = (1 - A)-^ Q, and 

the measure /i G M+(R") defined by 

(2.4) dfx= (\f{x)\'^ + \-f{x)\] dx 

has the property that, for every e > 0, there exists C(e) > such that 

(2.5) / |w(x)pd/x<e||Vw||i.(i,„) + C(e)||Vw||i.(K„), WeC^iR^- 

(iii) For // defined by (j2.4|) . 

_1 .^ fiiP) 
<s K 
where P, Pq are dyadic cubes in 



(2.6) lim sup — ^ y -^^ 

^-+0 Po;diamPo<5 /i(Po) ^^ \P^^ 
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(iv) For fj, defined by ()2.4j) . 

(2.7) lim sup , , = 0, 

5^+0 e:diame<5 cap (e) 

where e denotes a compact set of positive capacity in M". 
(v) For /i defined by ()2.4|) . 

II 11^ 

(2.8) lim sup —-—. — -—^^ — - = 0, 

where Hbs{xo) ^■^ ^^e restriction of fi to the ball Bs{xq). 
(vi) For fi defined by ()2.4|) . 

/^o^ r G'iVc(G'i^/iB,(xo))^(a:) 

(2.9) lim sup -^ —^ = 0, 

where Gi-k ^ = {1 — A)~2^ is the Bessel potential of order 1. 

It is worth noting that although Theorem II holds in the two-dimensional 
case, its proof requires certain modifications in comparison to n > 3. In 
the one-dimensional case, the infinitesimal form boundedness of the Sturm- 
Liouville operator H = —-j^ + Q on L'^iM}) is actually a consequence of the 
form boundedness. 

Theorem III. Let Q G ViM}). Then the following statements are equivalent. 
(i) Q is infinitesimally form bounded with respect to —-^. 
(ii) Q is form bounded with respect to —-^, i-G., 

\{Qu, u)\ < const ||m||^i.2(jji), Wu e C^{m^). 
(iii) Q can be represented in the form Q = ^ + 7; where 

rx+l 

(2.10) sup/ {\r{x)\'^ + \-f{x)\) dx <+oo. 
xeiRi Jx 

(iv) Condition (j2.1(Jj) holds where 

T{x) = f sign (x - t) e-l^-*l Q{t) dt, -f{x) = f e^l^^*! Q{t) dt 

are understood in the distributional sense. 

The statement (iii)^(i) in Theorem III is known ( |Schj . Theorem 11.2.1), 
whereas (ii)^(iv) follows from our earlier results |MV2j . |MV3j . 
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We now state a characterization of the form subordination property ()1.9|1 . 
It was formulated originally in |lruj . in the form of the inequality: 

(2.11) KQii, ii)|<e||VM||i.(i,„) + ce-n|w|lii(Rn), ^ueC^iR^, 



for Q > 0. Such Q are called e'^- compactly bounded in |Truj . It follows from 
Nash's inequality that ()1.9p yields ()2.11|) with z/ = ^/3 + |; the converse is 
also true, provided z^ > f , and is deduced below using a localization argument 
(Sec. El Corollarv l3.3p . In the critical case z/ = |, ()2.1H) holds if and only if 
Q e L°°(M"), while for < z/ < f , it holds only if Q = 0. 

Necessary and sufficient conditions for p.9p . or equivalently ()2.1H) with 
ly = ^^/3 + |, can be formulated in terms of Morrey-Campanato spaces using 

mean oscillations of the functions F and 7 which have appeared in Theorems 
I-III. 

Theorem IV. Let Q e P'(R"), n>2, and let < P < +00. 

(i) Suppose there exists eo > such that ()1.9|) holds for every e G (0,eo). 
Then Q can be represented in the form 

(2.12) g = divf + 7, 

where f = -V(l - A)-^Q e L^^^l^")" and 7 = (1 - A)-^Q e Aoc(^")- 
Moreover, there exists 6q > such that 

(2.13) / \f{x)-mB,i,,){f)\^dx<c6''-^^^, < d < So, 

(2.14) / \-f{x)\dx<c6''-7+i, 0<6<6o, 

JBsixo) 

where c does not depend on xq G R^ and 5o. Furthermore, T G L^j^-f(M"')" if 
(3>l andf e L°°(M")" z/0 </9 < 1. 

(ii) Conve rs ely, if Q is given by (ITT^ where f G Lf„c(K"); 7 ^ A^oc(^") 
satisfy fl2.13|) . ()2.14|) for all < S < 60 then there exists eo > such that p.9|) 
holds for all < e < eQ. 

Remark 2.2. (a) In the case (3 = 1, it follows that ()2.13|) holds if and only 
if f G bmo(M"). In other words, Q G bmo_i(M") = F^fiW"), where F^'^ 
stands for the scale of Triebel-Lizorkin spaces (see, e.g., |AHj . |Trij ). 

(b) Similarly, in the case < /3 < 1, (j2.13|) holds if and only if T is Holder- 
continuous: 

~' ~' / 1-/3 

|r(x) — r(a; )| < c Ix — x I '3+1 , |x — x'| < Sq. 
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(c) For (3 > 1, ()2.13|) holds if and only if F is in the corresponding Morrey 
space L "+1 : 

f |f(x)|2(ia;<cr-'fT^, 0<5<6o. 

Jbs{xo) 

1 2/3 

Note that, according to (j2.14p . -j E C '^ 1'^+^. Equivalently, Q is in the corre- 

sponding Campanato-Morrey space C_i of negative order. 

Remark 2.3. (a) An immediate consequence of Theorem IV is that, for all 

/? > 0, ()1.9|) is equivalent to the following localized condition: 

\\il-A)-Hr^s,.oQ)\\lHB,i.o)) < c5"-'^, < 5 < 5o, xo G M", 

where rjs^ xo i^) = V [ "g^° ) , and r] is a. smooth cut-off function with compact 
support. 

(b) A similar energy condition, 

is sufficient but generally not necessary in the case n = 2. 

We next state a criterion for the multiplicative inequality ()1.12|1 to hold, 
which is equivalent to a homogeneous version of (|1.9p with eg = +00 and 

^ /3+r 

Theorem V. Let Q G V'{W), n>2, and let < p < 1. 

(i) Suppose that ()1.12|) holds. Then Q can be represented in the form 

(2.15) Q = divf, 

where F = VA^^Q, and one of the following conditions hold: 

^; f G Lipi_2p(M") if 0<p<^; 



(2.16) fGBMO(M") if p=-; f G Lipi_2p(M") if 0<p< 



(2.17) f \f{x)\^dx < c5"+2-4p^ ^f i < p < 1; 

Jbs{xo) 2 

where c does not depend on xq G M", 6 > 0. 

(ii) Conversely, if Q is given by (|2.15|) where F G Lf^^iW^)"^ and satisfies 
dZini), ^m\ then (fTT^ holds. 

Remark 2.4. In Theorem V, the "antiderivative" F = VA^^Q can be re- 
placed by (— A)~2Q. Furthermore, as a corollary we deduce that ()1.12j) holds 
if and only if Q G BMO_i(M") = F^f (R") for p = i, and Q G 5~'~(M'') for 
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< p < |. Here F^''^ and S^'"^ are homogeneous Triebel-Lizorkin and Besov 
spaces respectively (see |l'rij ) . 

In the case p = |, statement (ii) of Theorem V (sufficiency of the condition 

r G BMO) is equivalent via the 7i^ — BMO duality to the inequality 

(2.18) WuVuW-HiiRn) <c\\u\\l^ (K")\\Vu\\ Li (Rr^), WueC^iMJ^). 

Here n\W) is the real Hardy space on W (|Si2]). 

The preceding estimate yields the following vector- valued inequality which is 
used in studies of the Navier-Stokes equation, and is related to the compensated 
compactness phenomenon (see |Coj . jCLMSj ): 

(2.19) \\{u-V)u\\n^R")<c\\u\\L2(Rn)\\Vu\\L2(Rn), divM = 0, 

for all ue Co"^(M'')". 

In Sec. ini we deduce a nonhomogeneous version of the well-known div-curl 
lemma |C;LMSj which yields both (ETH|l and ^U^ . 

3. Localization of quadratic form estimates 

In this section we restate the infinitesimal form boundedness property (jl.lj) 
in an equivalent localized form. 

Lemma 3.1. Suppose Q G I?'(M"), n > 1. Then the following statements are 
equivalent. 

(i) There exists a positive constant Eq and a function C(e) : (0, eg) -^ M_|_ 
such that the inequality 

(3.1) \{Qu,u)\<e\\Vu\\l2 + C{e)\\u\\l2, Vw G Co~(M"), 
holds for every e G (0, eo). 

(ii) 

(3.2) lim sup sup {\{Qu,u)\ : ueC^{Bs{xo)), \\Vu\\l2 <1} = 0. 

Moreover, (j3.ip implies that 

sup sup {\{Qu, u)\ : u e C^{Bs{xo)), \\Vu\\l2 < 1} < c{n) e, 



for 5 = \ TTf^, where the constant c{n) depends only on n. 



C(e) 

Conversely, if the preceding inequality holds with 5 = \ hjn) and (sufficiently 
small) constant c{n) then ()J. ij) holds. 

Proof. Suppose ()3.H) holds. As was mentioned above, we can assume without 
loss of generality that eo = -(-oo. Let 5 > 0, Xq E M", and let u G C^{Bs{xo)). 
Then clearly 

(3.3) ||w||l2 < A;(n) (5 ||Vm||l2, 
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where the constant k{n) depends only on n. Hence 

(3.4) \{Qu,u)\< {e + k{ny6^C{e))\\Vu\\l„ W e C^{Bs{xo)), 

which imphes 

sup sup{\{Qu, u)\ : u e C^{Bs{xo)), ||Vti||L2<l} 

<e + k{ny5^C{e). 

Letting 6 — >• +0, and then e -^ +0, in the preceding inequahty, we obtain 
dH). 

Conversely, if (j3.2j) holds then, for every e > there exists 6 = 6{e) so that, 
for every xq G MJ^, 

\{Qv, v)\ < e||Vt;||i2(i8„), yv E C^iBs{xo)). 



(3.6) 



Now fix M e C^(M") which is supported in Br{0). Let 77 G C^(5i(0)) be a 
cut-off function such that < r]{x) < 1, ri{x) = 1 for |a:| < |, |Vr^(a;)| < c{n), 

and let Vs,xo{x) = v{^)- 

Next, let us pick Xi G M" (i = 1, 2, . . .) so that {xi} form a cubic lattice with 
grid distance 2-7^, and let rji{x) = rj (^-^)- Let 



^(^) = Yl ^i' 



X) 



where the sum is taken over a finite number of indices i such that B2b.{0) C 
UBs{xi). Notice that 



and 



I < (p{x) < K^{n) on 52^,(0), 



|V0(x)|<^ on B2r{0). 



Define 



so that 



Qix) 



r]i[x) 



Then by IK^ . 

\{Qu, u)\ 



J2(^(x)^l on BniO). 

i 



<Y.\{QAQ.u\^)\ 
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< e ^ y I Vi/pC' dx + eJ2 j H' I VO 



dx 



< e I |V'u||^2 + c(n) 6(5 ^||M||i2. 
In the last line we have used the estimate 

Setting C(e) = c{n) e (5(e)~^, we get : 

\{Qu, u)\ < e||VM||i2(Kn) + C(e)||w||^2(K„). 

This proves (jH.lj) . D 

Let < Co < +00, and let C(e) : (0, eo) — > M"*". We define a modified 
Legendre transform by: 

(3.7) C{s)= inf {es + C(e)}, s > 0, 

ee(0,eo) 

Note that C{s) coincides with the Legendre transform of — C(e). Obviously, 
C{s) is increasing, concave, and C{2s) < 2C{s) {s > 0). The following 
statement is an immediate consequence of ()3.5|) . 

Corollary 3.2. Suppose that (jH.lj) holds. Then 

sup supIKQm, m)| : M e C^(S5(xo)), ||Vm||l2<1} 
(3 8) xoeR" 

where k{n) is a constant which depends only on n. 

In the special case where C(e) = ce"^ and consequently C{s) = Ci s^+i, we 
have the following characterization of Trudinger's subordination property. 

Corollary 3.3. Suppose Q e D'(M"), n > 2. Suppose (3 > andu= ^/5+f . 
Then the following statements are equivalent. 
(i) There exist eo > and c > such that, for every e G (0, eo), 

(3.9) \{Qu,u)\< e||V«||i2(Kn)+ce-^||i/||i2(Kn), V^/ G Co^(M"). 

(ii) There exist eo > and c > such that, for every e G (0, eo), the 
inequality 

(3.10) \{Qu,u)\< e||VM||i2(K„^ + ce-nklliimn^, WeC^'"^^' 



(iii) There exist 6o > and C > such that, for every 6 G (0, 6o), 

(3.11) \{Qu, u)\ < C6^^ ||Vw||i2(Kn), Vw G Co°^(S5(xo)), 

where C does not depend on xq and 6. 
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Moreover, in statements (i) — (iii) one may set tQ = 1 if do = 1 and vice 
versa. Similarly, if eo = +oo in (i) or (ii) then 6q = +cxd in (iii), and the 
converse is also true. 



Proof. Let a = ^^. Applying Nash's inequality ( |LLj . Theorem 2.13), 

^ r* I ^\ 1 1 V7„, I |CK 

") II"'IIli(M")' 



(3.12) ||VM||i2(Mn) < C{n) ||VM||22(Mn) Ikll™)' Vw e Co-(M"), 



we see that ()3.9|) yields 

(3.13) KQm, m)| <Ce||VM||i2(K„) + ce-'^||Vti||il(Kn)||w||5,^i^(^"5. 
From this by Young's inequality it follows 

(3.14) KQm, u)\ < 2e||VM||i2(K„) + Cie-'^||VM||2'^(K„)||M||2i(jj„). 

This proves (i)^(ii). 

To show that (ii)^(iii), suppose u G C°^{Bi,{xq)). Then by Schwartz's 
inequality and ()3.3|) . 

I (Qm, m) I < e I |m| |ii(B,(:,o)) + c e"*" (^^ I kl li2(B,(^„)) 
<(6 + Cie-'^5"+2)||Vn||i2(^^(,„„. 

Minimizing over e G (0, eo), we get (iii). The implication (iii)^(i) is a direct 
consequence of Lemma 13.11 D 



Remark 3.1. Corollary ESI covers the case i^ > | in ()3.10j) . since v = ^/5+|, 
where (3 > 0. However, it is easy to see that the validity of ()3.10p implies Q = 
if i^ < f , and Q G L°°(M") if z^ = f • In the latter case, Q G L°°(R") is also 
sufficient for ()3.10|) by Nash's inequality. 

Indeed, suppose that ()3.10|) holds for < z/ < |. Then the same inequality 
holds for Qt = Q-^fpt where (j)t{x) = t~"'4>(t^^x) (t > 0) is a standard moUifier. 
Now using Qt in place of Q, letting u = rjs^xo in ()3.10p . where r]s^xo is a smooth 
cut-off function as in the proof of Lemma 13.11 and minimizing over e > 0, 
we deduce that 5^"+^"^^+]" [(Qt, rjl ^^^\ < C. Letting 5 — > 0, we conclude that 
Qti^o) = if z/ < |, and supt>o |Qi(2^o)| < C* if J^ = f , for every xq G /?". 
Hence Q = if i/ < f , and Q G L°°(V) if i^ = f • 

4. NONNEGATIVE POTENTIALS 

In this section, we give necessary and sufficient conditions for the infinites- 
imal form boundedness for nonnegative potentials Q G D'(]R"), i.e., nonnega- 
tive measures. The general case of distributional potentials will be considered 
in the next section. 

Let M~^{W^) denote the class of nonnegative locally finite Borel measures 
on M". For a compact set e C M", the capacity cap (e) associated with the 
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Sobolev space VF^'^(R"') is defined by: 

(4.1) cap (e) = inf I / (| Vwp + \u\'^) dx : uE C^iW), u{x) > 1 on e I . 

On compact sets, cap (■) coincides with the so-called Bessel capacity defined 
by (see, e.g., HHj): 



cap (e) = inf I /" /(x)2 rfx : f e L^{W), / > 0, d • /(x) > 1 on el , 

where Gi-k f = {1 — A)^2 f is the Bessel potential of order 1. 

Theorem 4.1. Suppose fi G M^{W^), n>2. Then the following statements 
are equivalent. 

(i) There exists eo > and a function C(e) : (0, cq) -^ M+ such that the 
inequality 

(4.2) f \u{x)fdfi<e\\\/u\\l2 + Cie)\\u\\l2, Vm G Co^(R"), 

holds for every e G (0, eo). 
(ii) 

(4.3) lim sup sup i / \u{x)\'^ d^i : u e C^{Bs{xo)), ||Vm||l2 < 1 I = 0. 

(iii) 

(4.4) lim sup j J^^ : e C M", diam (e) < ^l = 0, 
<5^+o (^ cap (e) J 

where the supremum above is over compact sets e of positive capacity. 

(iv) 
(4.5) 



lim sup \ — ^ Y^ \P\n-^ ii{Pf : Po C M", diam (Pq) < 5 \ 



0, 



where the supremum is over dyadic cubes Pq such that /i(Po) 7^ 0, and the sum 
is over all dyadic cubes P contained in Pq. 

Obviously, in statement (i) one can assume that C(e) is defined on R"*" = 
(0, +00) so that P^ holds for every e > 0. 

Proof. By Lemma E^ (i)-v^(ii). We next show that (ii)<^(iii). 

Let fi C R" be an open set, and let e be a compact subset of Vt. We will 
need the the Wiener capacity relative to the domain Vt defined by: 



(4.6) 



cap (e, 11) = inf <^ / \'S/u\^ dx : u G C^(fi), m > 1 on e > . 
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We remark that, for Q = M", in the case n > 3 and diam (e) < 1, we have: 

(4.7) cap (e, M") < cap (e) < c(n) cap (e, M"), 

where c(n) depends only on n. The left-hand side estimate is obvious, and the 
right-hand side follows, e.g., from Hardy's inequality. For n = 1,2 it is easy 
to see that cap (e, W) = for every e C M" (see JM2] V 
We now set 

(4.8) ci(^,fi) = sup ( / \u{x)\Ufi : ueC^{Q), \\Vu\\L^n) < l] 
and 

where the supremum above is over compact sets e C ^2 of positive capacity. 
As was shown in |Mlj (see also jM2j . Sec. 2.5), 

(4.10) C2(^,fi) <Ci(^,fi) <4c2(/i,l^). 

Applying this inequality with ^2 = Bs{xo), we see that ()4.3|) holds if and 
only if 

(4.11) lim sup sup < — — - — r- : e C ^5(2^0) \ = 0, 

'5^+0 xoGM" I cap [e, Bs[xo)) } 

where e is a compact subset of Bs{xo). 

To verify (ii)<;=^(iii), it remains to prove that one can replace the capac- 
ity cap {e, Bs{xo)) in ()4.1H) with cap (e) where e is a compact set such that 
diam (e) < 6. Without loss of generality we may assume that < 6 < 1. 

Notice that if e C Bs{xo) and S < 1, then, for every u G C^{Bs{xo)), 

I {\Vu\^ + \u\^)dx< f {\\/u\^ + 6-^\u\^)dx<c{n) f \\/u\'^ dx, 

Jr" Jr" Jr" 

by (j3.3p . Hence, minimizing both sides over u such that u{x) > 1 on e, we get: 

cap (e) < c{n) cap (e, Bs{xo)). 

This estimate, which holds for every n > 1, yields (iii)^(ii). 

In the opposite direction, suppose first that n > 3. Then we will show that 

(4.12) cap (e, B-^{xo)) < ccap (e), 

for every e C Bs{xo), where 6 = 26, and c depends only on n. 
Indeed, suppose u G C^(M"'), where u{x) > 1 on e, and 



/ {\Vu\^ +\uf)dx < 2 cap \ 
Jr" 
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Denote by ri2s,xo{-'^) — V (^if^) ^ smooth cut-off function supported in -B2<5(xo) 
so that r]25,xo{x) = 1 on Bs{xo). Then v{x) = r]25,xo{x) u{x) G C^{B2s{xo)), 
and v{x) > 1 on e. We estimate using Hardy's inequahty: 



I \Vv\^dx<2 {\v25,xo\^\Vu\^ + \Vv25,xo\^\u\^) dx 

J Bo/:(xn) J B2s{xo) 

I {\Vu\^ + 6~^\u\^)dx<ci I iVwI^dx, 

Jb2s{xo) Jk" 



' B2s{xo) J B2s(xo) 

< c 



where c, Ci depend only on n. Thus, 

cap {e, B2s{xo)) < / |Vt^|^(ix<ci / \Vu\'^ dx < 2cicap(e), 

Jb2s{xo) ^M" 

which proves ()4.12|1 with 5 = 26. From this it is immediate that (ii)^(iii) if 
n>3. 

In the case ra = 2 we use a more dehcate argument with 6 G [6, 1) to be 
determined later. We denote hj u = u^. E M^lM."^) the equilibrium measure 
associated with a compact set e C M^ such that (see jAHj . |M2j ): 



(4.13) z/(e) = cap (e) = c{n) / (|VPi/|^ + (Vuf\) dx, supp (ly) C e. 
Here Vu = (1 — A)~^z/ = 6*2*// is the Bessel potential of order 2: 

(4.14) Vu{x)= [ G2{x-y)diy{y), 

where the Bessel kernel Ga of order a on R" is defined through the Fourier 
transform: 

(4.15) G,(e) = (l + |^|2)-i, ^eW, a>0. 

Without loss of generality we may assume Vu G C^lM."^). (This assumption, 
which is not essential to the proof, is easily removed by using an appropriate 
mollifier Vu * (r, where Cr{x) = r^'^(^{-), and letting r -^ +oo.) 

Let v{x) = rr^{x)Vv{x) G C^{B~^{xl)). It follows that 

cap {e, B^{xo)) < \Vv\^ dx < I \Wiy\'^ dx + c6'^ {Vuf dx. 

Jb~^{xo) JB-^ixo) JB~g{xo) 

The first term on the right is bounded by cap (e). We rewrite the integral in 
the second term in the form (note that u is supported on e): 

/ {VvY dx = j j j G2{x — y)G2{x — y) dxdv{y) di'{y'), 

Jb-^{xo) JeJeJBgixo) 
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and estimate using the fact that G2{x) < c log A for |z| < 2 in the case n = 2 

(see, e.g.. |AHj . Sec. 1.2.5). Since e C Bs{xo) and ma.x{\x — y\,\x — y'\) < 26, 
we have: 

/ G2{x - y) G2{x - y') dx < / {G2{x - yf + G2{x - y'Y) dx 
<c _log^i rdx + c J^S^ ] dy' < c'S'^ log^ -. 

J\x-y\<25 F ~ y\ J\x-y'\<25 F ~ V'l S 

It follows: 

[ {Vvf dx < c v{ef 'P \oi E = c cap {ef ? log' £. 

Hence, 

(4.16) cap (e, B-^ix^:^) < c I cap (e) + log' - cap (e) 

V 6 

where e C Bs{xo) and c depends only on n. Using the known estimate of the 
capacity of a ball ( |M2j . Sec. 7.2.3): 

(4.17) cap {Bsixoj) x -^, < <5 < 1, n = 2, 

log 5 

we have: 

cap (e) < cap {Bs{xo)) < j ■ 

log 5 
Combining the preceding estimate and ()4.1fjj) gives: 

f log' l\ 

(4.18) cap(e,5T(xo))<ccap(e) 1 + - f , e C ^^(xo), n = 2. 

V i°g 5 / 

Now choosing 5 so that log' | = log |, we get ()4.12p . Letting S —^ +0, 

so that 6 — > +0, we obtain that (ii)^(iii) in the case n = 2. This proves 
(ii)^(iii). 

To prove (iii)-v^(iv), we set 

(4.19) Ki(/i, 6) = sup I -^-^ : diam (e) < 6 

{ cap (e) 

where e is a compact set of positive capacity in M", and 

(4.20) ^,(^,S) = snpl^y2 \P\^-'fiiPf : diam (Pq) < 4 ' 
where the supremum is over dyadic cubes Pq in R" such that /x(Po) ¥" 0- 
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For a set e C M", denote by fie the restriction of the measure /x to e, i.e., 
dfie = Xedn- Denote by 



the energy of the measure /i. 

We first show that, for any compact set e such that diam (e) < 6, 

(4.21) S{^ie)<CK^{^I,6)^i{e). 

Such inequahties, without the restriction on the diameter of e, are known (see, 
e.g., |M2j . |V2j ) and we will be brief here. Clearly, there exists g G C^(M"), 
g>0, such that ||(7||i2(Kn) = 1, and 

^(/^e)^ — ^ / Gi-k fi^g dx = 2 Gi -k g dfi. 
For any A > 0, set e\ = {x : Gi -k g{x) > A}. Then 



9 2 



A 



L2(Rn) 



^e{e\) = fJ-iex n e) < ki{^, 6) cap(eA n e) < c Ki(/i, 6) 

where the last estimate follows from the definition of the capacity since 

u{x) = (Gi-k — ] (x) > 1, X e ex, 

and ||'u||^i,2(]gn-) = c 11(711^2(8™) = c, where c depend only on n. 
In other words, Gi-k g E L^''^(/ie), and 

where L?''°°{v) denotes the corresponding Lorentz (weak L^) space on R"" 
equipped with the measure y. Hence, 

/ Gi-kgd^i < c||G'i:*c5(||j^2.oo(^^)/i(e)5 < cKi(/i, 5)^ ^(e)5, 

which proves (j4.2ip . 

Letting e = Pqiu. ()4.21|) where Pq is a dyadic cube such that diam (Pq) < ^i 
we get 

^(/UPo) < Ki{ii,5)n{Po). 

For X, y E Pq, we have \x — y\ < 6 < 1, and it is easy to see that 

/ G^ix-y)dM> [ ^^%T>c E \P\^--'KP)Xpix). 

Jpo Jpo F - y\ p^p^ 

We estimate: 

^(/iPo)>c / {Gi'k^xp,ydx>c I Y^ \P\^-^ ^i{P) xp{x)\ dx 
JPo JPo Vpcpo / 
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> / E \P\--'KP)\p{x)dx= -£ \P\^-'l^{Pf. 
Thus, 

J2 \P\"-'f^{P?<CK,{fi,6)fi{Po), 
PCPo 

that is, K2{^,S) < CKi{^,6). This estimate yields (iii)^(iv). 

The converse can be proved as in |V2j in the case of Riesz kernels using Th. 
Wolff's inequality |HWj . (See also |CUVj where Wolff's inequality is proved for 
general dyadic and radial kernels.) Here we sketch a direct proof based on the 
dyadic Carleson measure theorem (see, e.g., |Vlp which yields the inequality 

where g G L'^^fip^), g > 0, for every dyadic cube Pq such that diam (Pq) < ^• 
(This inequality follows by interpolation between the trivial L°°{fipg) — >■ l°° 
estimate and the weak-type (1,1) estimate from L^^fip^^) to l^'°°. Note that 
the left-hand side of the preceding inequality is bounded from below by 

2 



< 



/ X^ 1^1" ^^^(^) ddfJ^] dx. 
JPo Vpcpo -^p J 

To verify this estimate, which is closely related to Wolff's inequality, we use 
the obvious pointwise inequality: 

Y^ |P|""^Xp(a;) gdfi 

2 E \P\-'' ( [ 9 dfi) Y \P'\''' XP'ix) iladii). 
PCPo ^"^ P ^ P"zp \JP' J 

Integrating both sides of the preceding inequality over Pq, and the estimate 

Yi l-^'l" ( / 9dli\ < c{n) |P|" / gdfi, 
we obtain 

/ lE \P\--'xp{x) [ gdfi] dx<cY \P\-~'{I gdii 

JPo VpcPo -^P J PCPo ^-^P 

< c/«2(/Ui S) / g^ dfi. 

JPo 
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By duality, this gives 






2 

\2 



f{y)dy\ dij,{x) <cK2{fi,6) / f{y) dy, 

P I JPo 



for every / G Lr{dx), / > 0. Note that 



Y^ \P\^-\p{x) I f{y)^ 



li°f{x)= 1^ \P\"-'xp{x) I f{y)dy 

PCPo 



is the dyadic Riesz potential of order 1 (see |HWj ) scaled to the cube Pq. It is 



easy to see that this estimate, which holds for every dyadic cube Pq such that 
diam (Pq) < <^ < 1, implies the inequality 



/ iGi-kffdfI<CK2ifi,5) 
JPn 



\L'^{dx)i 
'Po 



for every / G L'^{dx). (See details in |V2l or (0021.) 

From this and the definition of the Bessel capacity it is immediate that 

/i(e) < CK2{iJ.,S)cap{e), diam (e) < S. 

Hence, Ki{fi,S) < CK2{fi,S), where c depends only on n. From this it follows 
that (iv)^(iii). This completes the proof of Theorem 14.11 D 

Corollary 4.2. Let jj. E M+(R"). If inequality (|01) holds then 

(4.22) hm sup I /iM^ : xq G m4 = 0, n> 3, 

(4.23) lim sup { log ^ n{Bs{xo)) : xq G R"} = 0, n = 2. 

<5— ++0 

Corollary 3.2 follows by letting e = ^^(xo) in Theorem 14.11 (iii), and using 
the estimates cap {Bs{xo)) x (J"~^ if n > 3 and cap {Bs{xo)) x -^^^ ii n = 2, 

provided <S<1 (see |M2])- 

Stronger necessary conditions are obtained by replacing ij,{Bs{xo)) above 
^i*h/^^(^^^)(G'i*^)2(ia;. 

Corollary 4.3. Let jj, G M+iW"). If inequality (|01) holds then 

{In ( \{G\ ^ uS^ dx 1 

\n~2 • a:o G M" ^ = 0, n > 3, 

(4.25) hm sup < log i / (Gi • iif dx : Xq G M" i = 0, n = 2. 

^^+° I Jbs{xo) ) 
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This corollary is a consequence of the results of jMV2j ( see also Sec. El 
below) . 

Various related results can be deduced from Theorem 14 . II using known form 
boundedness criteria (see, e.g., |E3, |(^hWWj . [KB], M, pVT] . pV2] . 



|V2j ) . In particular, we can give more equivalent conditions which are neces- 
sary and sufficient for ()4.2|) . 

Corollary 4.4. Let /i G M+(]R"). Then inequality ()4.2|) is equivalent to any 

one of the following conditions: 

(i) 

limsupj^i^^: XoGM-HO. 



lim sup <; ^l^"-(-;)^ll'v.-;--(M") . ^^^^n 



m 



1. , Gi'k{Gi'kflBs{xo)) (x) 

hm sup < -^ -^- : x, Xq G M 

'5^+0 ( Gi -k fiBsixo){x) 

Statements (i) and (ii) of Corollary 14.31 follow directly from the proof of 
Theorem 14. II while (iii) can be proved in a similar way using results of jMVll. 

Simpler sufficient conditions can be deduced easily from Theorem 14.11 For 
instance, it is well known that if rf// = p{x) dx where p G La (M'^)+L°°(]R"'), n > 
3, then ()4.2p holds. Moreover, it can be replaced with the "locally uniform" 
Lz'-condition (see jBrKj ): 



In fact, one can use here a local weak-La , and even a local Fefferman-Phong 
norm. 

Corollary 4.5. Let dp = p{x)dx, where p G LJ'jj^(M") for some r > 1 and 
ri > 3. Then (jOl) holds if 

I oi Xi dx 
(4.26) lim sup -^^^^""^ , = 0. 

Furthermore, this condition can be replaced with a weaker one, with {Gi •/i)^ 
in place of p. 
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Another well-known sufficient condition for ()4.2j) which is generally not cov- 
ered by the preceding corollary is Kato's condition Kn. 

(4.27) lim sup / . — ^^^\ ^ dx = 0, n>3, 
■5^+0 xoeM" Jbs{xo) F - ^or 

f 1 

(4.28) lim sup / log r p{x) dx = 0, n = 2, 

where p > and p G A^oc(^")- 

Remark 4.1. This class can be broadened in the same way as above by 

replacing p with (Gi ^p)^ and using Theorem 14. II 

In the opposite direction, the following remarkable fact was proved in jAiSij 
using a probabilistic argument: Kato's condition Kn follows from (j4.2|) pro- 
vided 

(4.29) C{e)<ae'"~\ e G (0, eo), 0<p<l. 

Such results can also be deduced by operator semigroup methods |LPSj . In 
fact, the same conclusion has been obtained under a more general assumption 
in terms of the Legendre transform C{s) defined by ()3.7p : 

(4.30) / -^ds<+oo, 

for some 6q > 0. (See |Grlj . |Gr2j : an analogous fact is now known for general 
elliptic operators with good heat kernel bounds |Davlj .) It is worth noting 
that, for a decreasing C(e) such that lime^+o C'(e) = +cxd, the preceding con- 
dition is equivalent to ( jKoj . Sec. VII. D. 2): 

(4.31) / log(:7(e)de< +CX), 

Jo 

for some Cq > 0. 

We should emphasize that such results can be deduced directly from Corol- 
lary |SI21 in a sharper form. In particular, for ra = 2, it suffices to assume that 
C{e) < ae^'^ '' for any p > 0. 

Proposition 4.6. Let dp = p{x) dx, where p > 0, and p G Ll^^lMJ^). Suppose 
that (j4.2p holds with C(e) obeying condition (J4.3(J|) if n > 3, or 

r+o° C(s) 

(4.32) / ^y ds< +00, n = 2, 

J So -s log s 

for some Sq > 1. Then Kato's condition Kn is valid. Moreover, 

(4.33) sup / , ^^'^^, ^, dx<c I " ^ ds, n > 3, 
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f 1 /"^°^ C{s) 
(4.34) sup / log 1 j- p{x) dx < c -—, ds, n = 2, 

xoeR" Jbs{xo) \x-Xo\ Js-2 s^logs 

where c> is a constant which depends only on n, and 6 is sufficiently small. 
Proof. Suppose that ()4.32|) holds. By Corollary 13. 2| 

f \u{x)\^dfx<k6^C{5~^)\\Vu\\^, \/ueC^{Bsixo)), 

Jbs{xo) 

where k depends only on n. Let m > 1 on Bs^^xq), where u G C^{Bs{xo)). 
Taking the infimum over all such test functions u in the preceding estimate, 
we obtain: 

/i(5|(xo)) < c6^Ci5-^) cap(S|(xo), Bsixo)), 

where cap (■, Bs{xq)) is the capacity ()4.6|) . Using the estimates (see |M2j ): 

cap(B|(xo), B5(xo))x5"-2^ n > 3, 

cap(B|(xo), B5(xo)) x (log|)-\ n = 2, 

where < 6 < 1, together with the inequality C{2s) < 2C{s) (s > 0), we 
deduce: 

^l{Bs{xo))<c6''C{6-'^), n>3, 

f^{Bs{xo)) < c 6^ 0(6-^) Aog '^^ , n = 2. 

Suppose djj = p{x) dx and n > 3. We estimate: 

p(x) ^ [^ fi{Bs{xo)) ds 



)(xo) \x Xo\'^ Jq s" 

2\ 



<c / sC{s-')ds. 
Jo 

In the case tt, = 2 it follows: 

log -^P{x) dx < c f\m^o)) - + c.^(^^(^°)^ 



j(xo) \x — xo\ Jq s 6 

f'sCis^ 

< Ci / -; ds. 

Jo logs-1 
Obviously, these estimates yield ()4.33|) and ()4.34|) . D 

We conclude this section with a characterization of the subordination in- 
equality for nonnegative measures fi: 

(4.35) / \u{x)\'df,<e\\Vu\\l,^^.^ + ^\\u\\l,^^^^, ueC^iW). 
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Theorem 4.7. Let fi e M+(R"), n>2, and let < P < +oo. 

(i) There exists a constant C > such that (|4.35|) holds for every e > if 
and only if fi satisfies the Frostman condition: 



2/3 



(4.36) fiiBsixo))<c5^~^, 

for every ball Bs{xq) in M", where c does not depend on 6 > and Xq. 

(ii) There exists a constant C > such that fl4.35|) holds for every e G (0, 1) 
if and only if fj4.36|) is valid for every d G (0, 1) and Xq G M". 

Statement (i) of Theorem 14.71 follows from M2], Lemma 1.4.7, where it is 
proved that ()4.36|) holds for all d > if and only if the multiplicative inequality 



(4.37) 



\u\\L2{Rr.,dfJ.) < C'I|V'U||^2( 



, dx) 



\U\ 



|l-p 

lL2(R",dx)' 



u G Co^(M"), 



holds, where p = j^ G (0, 1). Clearly, this inequality is equivalent to ()4.35|) 
provided it holds for every e > 0. 

There is also an inhomogeneous analogue f |M2j . Corollary 1.4.7/1) which 
states that (|4.36|) holds for all 5 G (0, 1) if and only if 



(4.38) 



< C\\u\ 



\u 



ii-p 



ueC^ 



It is easy to see using a localization argument, as in the proof of Theorem 
14.11 that this inequality holds if and only if ()4.35p is valid for every e G (0, 1), 
which yields statement (ii) of Theorem 14.71 

5. The infinitesimal form boundedness criterion 

We are now in a position to prove Theorems I and II stated in Sec. |21 
Proof of Theorem I. Suppose Q G ©'(M"), n > 2, is represented in the form 

(5.1) Q = divf + 7, fGLL(M"), ^eLl 

where F and 7 respectively satisfy the conditions: 



^locV 



lim sup sup 



(5^+0 



(5.2) 



lim sup sup < I 



\T\u 



1 pI 



L2(R") 



: ueC^{B5{xo)), ||Vw||l2( 



< 1 



0; 



^) 



ueC^{Bs{x^)), \\Vu\ 



") 



< 1 



Then, for every e > 0, there exists 5 > so that 



(5.3) 



|rr + l7l)l^l 



< ellVMl 



L2(R")5 



Li(R") 

Hence by the Cauchy-Schwarz inequality, 

\{Qu,u)\ <2 (f, wVm) +|(7m, «)| 



Vm G C^{Bs{xo)). 
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< 2 



\T\u 



211 



Vn||i2(]Rn) + ||7|W 



< (2v^+e)||VM"2 



Now we take the supremum on the left-hand side over all u G C^{Bs{xo)) 
such that ||VM||^2mn-) < 1- Letting S — * +0, and then e -^ +0, we obtain: 

lim sup sup{ \{Qu, u)\ : u e C^{Bs{xo)), ||V-u||L2(]Rn) < 1} = 0. 

By Lemma f3. II this is equivalent to ()3.H) . 

Conversely, suppose that, for every e > 0, there exists C(e) > such that 
p.ip holds. By the polarization identity, p.ip is equivalent to 



|(g, UV)\ < e' [ ||Vu||^2(Kn) + ^^||w||i2(Kn) 



, Cie) 

2 , ^(^)||„,l|2 \ " w„. „. ^ ^oo/ 



(5.4) X ( l|Vf||i2(Kn) + ^— ||v|L2(Kn) 1 , yU,VeQ 

We will show that (j5.4p implies that, for every e > 0, there exists 6 > such 
that 

(5.5) M |f(x)|2 + |7(x)|) dx < ecap (e), 

for every compact set e, diam (e) < 6, where 

(5.6) f=-V(l-A)-ig, 7 = (l-A)-iQ, 

so that Q = divF + 7. Here cap(-) is the Bessel capacity associated with the 
Sobolev space ^^^'^(R"). By Theorem WH inequality (j^ yields (j^ . 

To deduce fl5.5p from ()5.4|) . we fix an arbitrary compact set e of positive 
capacity such that diame < 6. Without loss of generality we may assume 
that e C ^5/2(3^0), xo G M", where < S < 1. The rest of the proof makes 
use of the factorization method developed in |MV2j combined with some new 
estimates for Bessel potentials of equilibrium measures. 

Denote by fx the equilibrium measure associated with e (see, e.g., |AHj . 
|M2j ) . By P{x) denote the equilibrium potential of /i defined by: 

(5.7) P{x) = {l-Ay^|2{x) = G2i^^l{x). 

Here the Bessel kernel Ga{-) of order a > is defined by ()4.15p . 
We will need the following well-known properties of /i and P: 

(a) supp (/i) C e; 

(b) /i(e) = cap(e); 

(c) 11(1 -A)-5P||2^ cap (e); 
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(d) P{x) = 1 dfi — a.e. 

(e) P{x) < 1 on M" 

We will also need the asymptotics (see [AHj . Sec. 1.2.5): 

(5.8) G2ix) X Ixp-" if n > 3, G2ix) x log — iin = 2, \x\ -^ 0; 

|x| 

(5.9) G'2(x) X |x|Ve-l^l, |x|^+oo, n > 2. 

Similar asymptotics hold for the derivatives of G2 which will be used below as 
well. 

Sometimes, it will be more convenient to use a modified kernel, 

(5.10) G2{x) = max{G2ix),l), 

which does not have the exponential decay at infinity. Obviously, both G2 and 
G2 are positive nonincreasing radial kernels. Moreover, G2 has the doubling 
property: 

G2{2x) < G2ix) < C{n) G2{2x). 

The corresponding modified potential is defined by: 

(5.11) P(x) = G2*/i(x). 

Next, we fix a constant r, which ultimately will be picked in the range 

(5.12) 1 < 2t < min ( -^^, 2 J , n>2. 

The proof of statement (ii) of Theorem I is based on a series of propositions 
establishing some estimates for the powers of the equilibrium potential, P(x)^^. 

Proposition 5.1. Let n > 2, and let < 2r < j^. Then F^^ lies in the 
Muckenhoupt class A\ on M", i.e., 

(5.13) MP'^\x)<G{T,n)P'^\x), dx - a.e. 

where M denotes the Hardy-Littlewood maximal operator on M", and the cor- 
responding Ai-hound G{t, n) depends only on n and r . 

Proof. Let p : M+ —>■ M.~^ be a nonincreasing function which satisfies the dou- 
bling condition, p{2s) < cp{s), s > 0. It is easy to see that the radial weight 
p{\x\) G Ai if and only if 

(5.14) / s"-V(s)^"rfs<Cr"p(r), r > 0. 
Jo 

Moreover, the y4i-bound of p is bounded by a constant which depends only on 
C in the preceding estimate and the doubling constant c (see |St2j ). 
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It follows from ^B> that Giis) x jsp"" if n > 3, Giis) x log ^ if n = 2, 

for < s < 1, and 6*2(5) x 1 for s > 1. Hence, p{\s\) = Gl{s) is a radial 
nonincreasing kernel with the doubling property. Clearly, fl5.14|) holds if and 
only if < 2r < j^, and the Ai-bound of Gg depends only on r and n. 

By Jensen's inequality, C^^ G Ai implies C^^ G Ai if ti > T2. Hence, without 
loss of generality we may assume 1 < 2r < ■^^. Then by Minkowski's integral 

inequality and the Ai-estimate for Gg^ established above, it follows: 

M{P^^){x) < ({MGl^)^^fi{x)y' < Cir,n) (G2 v./i)2"(x) = C{T,n)P^^{x). 

D 

Proposition 5.2. Let n > 2 andl < 2r < min (;^,2). Let P = (l-A)^V; 
where /i G Af+(M") is a compactly supported Borel measure on R". Then 

(5.15) ||VP-||i.(^„) = -^ (/ P'^-'dfi- f P'^dx 

provided P^ G W^^^{W). 

Remark 5.1. Suppose /i is the equilibrium measure of a compact set e C M", 
so that //(e) = cap(e), P{x) = 1 d/i-a.e., and < P{x) < 1 on M". Then it 
is easy to see that P^ G iy^'2(M") if 1 < 2r < min (^, l), and (prTH|l yields 
the estimates: 

(5.16) ||VP-||i,(j,„)<^-^cap(e), 

(5.17) ||F^||i2(^„) <cap(e). 

Proof. The proof of Proposition 15. 21 is based on a multiple integration by parts 
argument, and is analogous to the proof of Proposition 2.5 in |MV2j . Clearly, 

AF = F-(1- A)P = P-/i 

in the sense of distributions. Furthermore, for r > 0, 

= T{r - l)P^-2|yp|2 ^ ^pr _ ^pr-1 ^_ 

Using integration by parts and the preceding equation, we obtain: 

l|VPl|i2(Kn)= / VP^-WP^dX 



P^AP^ dx 

-T{r-1) [ P^^-^\\/P\^dx-T I P^^dx + T I P^^-Ufx. 
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Here integration by parts is easily justified, as long as 1 < 2r < min (;^, l), 
by looking at the behavior of P{x) and VP(x) at infinity: 

P(a:) X |x|^ e"'""' ^(e), |x| — > +00 

|VP(x)| < c{n) \x\^ e"'"^' //(e), \x\ -^ +00. 

(See details in the proof of Lemma 4.3 in |MV2j .) Next, we use integration by 
parts again to obtain: 

p2r-2|yp|2^^^ / P^^^^ V P ■ V P dx 

APP^^-Ux-{2t-2) f P2r-2|yp|2^^^ 

From the preceding equation we deduce: 

(2r-l) f P2r-2|yp|2^^__ f ^P F^r-l ^^ 

= f {l-A)PP^^~Ux- f P^^dx 

Jr" Jr" 

= f P^^-Ufi- I P^^dx. 

Jr" Jr" 

Combining the preceding equations, we finally have: 



^2 



r 
2^1 



|VPlli2(i,„) = ;,— ^ ( / P'^-Ufi- I P'^dx]. 



This completes the proof of Proposition 15.21 D 

We will need a more precise estimate of ||P'^||^2mn) than ()5.17|1 in Remark 
5.1. Note that estimate ()5.1(ij) is sharp. 

Proposition 5.3. Let n > 2, and \ < 2t < ^. Let ^i ^ M+(M") he 
a measure supported on a compact set e C Bs{xq), where < 6 < 1. Let 
P = G2 * /J- Then the following estimates hold: 

(5.18) / P^^dx<c{n,T)fi{ef\ n > 2; 

(5.19) f P^^dx<c{n,T)5''~^''-^^^'fi{ey\ n > 3; 

J B2s{xo) 

(5.20) / P2" dx < c(2, r) 6^ log^" (-\ fi{ef\ n = 2. 
Remark 5.2. Estimates ()5.18|) — ()5.20|1 are sharp, and can be reversed. 
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Proof. Suppose e C Bs{xo), where < 6 < 1. Then 

/ P^^dx= I P{xf^dx+ I P{xf^ dx = I + n. 



I B2s{xo) J B2s{xoY 

Using Minkowski's integral inequahty and the estimate 6*2 (x) < 
for |x| < 3 and n > 3, we get: 

I = c{n) I I G2{x — t) dfi{t) \ dx 

<c(n^r) [ (f^^^Tdx 



c(n) IxP "■ 



'B26{xo) \Je \-^ ''I 

j_ ^ 2r 



Since 2r < -^, it follows: 



n-2' 



f — < f — < c(n t) A«-("~2)2r 

/ U +|(n-2)2T - / 1^ i\(n-2)2T - '-y"'' ' ^ " 

J B2s{xo) \^ ~ '^\ ' J \x-t\<^5 \^ ~ W ' 

Hence, 

(5.21) / < C{n, t) 5"-("-2)2r ^(g)2r_ 

This proves ()5.19|) . In the case n = 2, similar estimates using Minkowski's 
integral inequality and G2{x) x log m as \x\ — > +0, give ()5.20|) . 
To estimate //, notice that 



/ G2{xf dx < +00, < 2r < 



n 



n-2 



If |x — xo| > 2(5 and |xo — t\ < (5, it follows that jx — t| > i|x — xqI, and 
G2{x — t) < G2 {\\x — xo|). Hence, 



11= f [ f G2{x - t) d^i{t)\ dx 

< /i(e)^'^ / 6*2 I -|3^ — a^ol ) dx < C(r, 77,) /i(e)^'^. 

Combining the estimates for / and //, we complete the proof of ()5.18|) . D 

The proof of the next proposition is contained in the proof of Theorem 4.2 
in pV2| . 
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Proposition 5.4. r pV2] ). Letl < 2r < ^. Then 



1 

2 
,-2t 



(5.22) \\ViwP-^)\\L2(Rn)<c{n,T) ( {\Vw\' + \w\') P^'^ dx 

Proposition 5.5. Let e C Bs{xo), < 5 < 1, and P{x) = (1 — A)^^ij,, where 
fi is the equilibrium measure associated with e. Let 1 < 2r < min (;^, 2). 
Let w = V(l - A)"V; where ip G C^{Bs{xo)), < 6 <1. Then the following 
estimates hold: 

(5.23) / i—^dx<C{n,T) \^dx n > 2; 

JR" -* J Bf,{x(,) ^ 

(5.24) / ^ rfx < C(n, r) 5"~("-2)2r /■ ^ dx, n > 3; 



(5.25) 



to 



|2 /• U/,|2 

5(a::o) 

ldx<C{2,r)5Hoi^{^^ j^ J^rfx, n = 2. 



Proof. Estimate ()5.23p is actually contained in Lemma 4.3 |MV2j where a 
detailed proof was given only in the case tt, > 3. For the sake of complete- 
ness, and since a similar argument is needed anyway in the proof of estimates 
()5.24|) — ()5.25p . we give a proof of ()5.23p here which is valid for n > 2. 
We split the integral on the left-hand side of (|5.23|) into two parts: 



dx = ——r — dx + -—-: — dx = I + II, 



P2t / p2r / P2t 

^ JB2{xo) ^ JB2{xoY ^ 

where u) = V(l - A)-V, and V- G Co°°(S5(2;o)), < 5 <^1. 

To estimate /, we begin by replacing P^^ above with P^"^, where P = 6*2*/^ 
is the modified equilibrium potential, and 

P(x) X P(x) for X G B2{xq). 

Notice that Vw = VV(1 — A)^-*^^, where VV denotes the Hessian. Clearly, 

VV(1- A)"^ = {iRjiRkA{l-A)-^} , j,k = l,...,n, 

where {Rj}"'^i are the Riesz transforms |St2j . which are known to be bounded 
operators on L^(]R", pdx) with weights p in the Muckenhoupt class A2 defined 
by: 

sup { mB,(x){p) mB,(x)ip'^) ■ S >0, X e M"} < +00. 

Moreover, the operator norms of Rj in L^(R", pdx) are bounded by a constant 
which depends only on the 742-bound of p given by the preceding formula. 

By Proposition 15. H the weight p = P^"^ is in the Muckenhoupt class Ai, 
and hence to A2 (see |St2j ). and its A2-bound depends only on r, n. Hence, 
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p-l ^ p-2T ^ ^^^ ^^^ 

ll^./llL^(M^P-..,,) < C{r,n) ||/IL.(M„,p-..,,), V/ G L\R-, p-'^dx), 

for every j = 1, . . . ,n. It follows: 

(5.26) I<c{T,n) ^-ZJ^dx<C{T,n) ^ ^ — ^dx. 

It remains to notice that A(l — A)~^ = 1 — (1 — A)"^ is a Fourier multi- 
plier operator on the space L^(R", pdx) for any weight p G ^2? and its norm 
depends only on the Muckenhoupt bound of p. (See, e.g., [MV2 or |MV4j .) 
Thus, for p = P^^"^, we have: 

(5.27) / < C(n, r) / ^-^ dx < C(r, n) [ ^ dx, 

since P^'^{x) x P^'^(x) on suppi/j C Bs{xo), where < S <1. 

The term II can be estimated directly using known inequalities for deriva- 
tives of Bessel potentials (see, e.g., |AHj . Sec. 1.2.5): 

|V'^G2(a;)| <C(n)|x|^e-l^l, |x| > 1, 

where A; = 0, 1, 2. Notice that both i/j and p are supported in Bs{xq) C Bi{xo). 
Hence, by the preceding estimate, 

|VV(1- A)-V(2:)| < C{n) Ix-xol"^ e"!^"^"! ||^|Ui(b,(xo), Vx G P2(xo)^ 
From the lower estimate 6*2(2;) > c{n) \x\^ e"'^' for |x| > 1, we have: 

P{x) = / G2ix - y) dp{y) > c{n) \x - xq\^ e"'^""""' p(e), Vs G B2{xQf . 

J e 

Since /x(e) = cap (e) > 0, it follows: 

I^= / mTTTN «?2:<C(r,n)||^||ii(B^(,^)Cap(e) 

J B2{xqY ^ \^) 

X [ \x- xo|(^-")(^-^) e-(2-2^)l---°l dx < C(r, n) 1 1^| |i.(^^(,^)) cap {e)-'^ , 

JB2{xoY 

where the constant C{T,n) is finite as long as r < 1. 
Now by Schwarz's inequality, 

< / ^t^dx I P'Ux)dx. 



JBsixo) ^ \^) JBsixo) 

By Proposition 15.31 J^„ P^'^ dx < c{t, n) cap (e)^^. Combining these estimates, 
we obtain: 



JBsixo) ^ W 
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This completes the proof of estimate ()5.23|1 . 



.|2 



We now prove estimates ()5.24|1 — fl5.25j) . Sphtting the integral J^^ -p^ dx 
into two parts depending on 6, we have: 

|2 p 112 p I |2 

dx = — TT- dx + — -— dx = I + IL 



where as before w = V(l — A)~^i/j, and ip G C^{Bs{xo)), < 6 < 1. Using 
the estimate ( |AHj . Sec. 1.2.5): 

|VG'2(2:)| <C(n)|x|^-", |x|<3, n > 2, 

we have: 

\w{x)\ = \V{l-Ar'ij{x)\< [ ^^M_dt, \/xeB2s{xo). 
We next use a version of Hedb erg's inequality (see |AHj ): 

JBs{xo) F ~ f-l -^0 J52~i-^<\x-t\<S2-3 F ^ "^l 

for every x G B2s{xo)- Here M is the Hardy-Littlewood maximal function. 
Since P^'^ x P^'^ on B25{xo) we have: 

/ ^-^dx<Cir,n)6^ [ \^dx<C{r,n)6^ [ \^dx. 

Jb2s{xo) P ^ ilR" P^T Jbs(xo) P ^ 

Here we have used the fact that M is a bounded operator on L^(]R", p) with the 
weight p = P~^'^ G ^2, and its operator norm is bounded by a constant which 
depends only on the 742-bound of P^^^ (see |St2j ). Hence, by Proposition 15.11 
it is bounded by C{t, n). Note that we can use P^'^ in place of P^'^ on supp ?/) C 
B^^Xq) since < 5 < 1. 
Thus, 

.2 /• W 

p2T 



I<C{n,r)5' ^dx, n>2. 

JBs{xo) 

To estimate //, notice that 



|V(l-A)-V(a;)| < / \VG2ix-t)\\^P{t)\dt, \/xEB25ixoy, 

Jbs(xo) 

where |a; — t| > \x — xo\ — d > ||x — xo|. Using estimates for derivatives of 
Bessel kernels ( |AHj . Sec. 1.2.5), we have: 

1^76*2(2: — t)\ < C{n) Gi{x — Xq), \x — Xo\ < 1; 

1^76*2(2: — t)\ < C{n) G2{x — Xq), \x — Xo\ > 1, 

where x G B2s{xoY and t G Bs{xo), < 5 < 1. 
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Since /i(e) = cap (e) > 0, and |x — t| < |a; — xo| + S, we estimate: 
P{x) = / G2{x — t) dfi{t) > c{n) G2{x — Xq) cap (e), Vx G B2s{xQy. 
It follows: 

11= I '^^^ "pty/^"^^'' dx < CiT,n) ||V^||i.(^,(.„))Cap(e)"^- 

X f / 5^^^^'"^°^' dx+ [ G2(X - xof"'^ dx 



\JBi{xo) G2{x - Zo)^^ Jbi{xo) 

It is easy to see that, for 2t G (1, 2), 

Jbi{xo) G2{X — Xo) ■^ Jb^{xoY 

Indeed, estimates for Bessel kernels yield: 

2 



-^i^<C(r,n)|xrMog-^^ A, 1^1 <i, ^ = 2; 

6-2(0;)^'^ |x| 

G2{xf-^^ < G{T,n) |x|(i-")(^-^)e(2-2)l-l, |:,| > 1, n>2, 

where the exponents satisfy the inequalities 2r(n — 2) — 2{n — 1) > — n in the 
case 77, > 3 and — 2r < — 1 in the case n = 2 for |z| < 1; and 2r — 2 < for 
\x\ > 1. Thus, 

//<C(r,n)||^||i.(^^^(,„))Cap(e)-2^ 

Now by Schwarz's inequality, 

IHIiMB.(.o))</ ^-t^dx [ P^^dx, 

JBs{xo) ^ JBsixo) 

and by Proposition 15. 3^ 



f P2r ^^ < ^(^^ ^) ^„-(n-2)2r ^^^p (g)2r^ ^ > 3. 

JBs{xo) 

[ F^r ^^ < ^(^^ 2) 52 log2" ( ^ ) cap (e 



'Bi(xo) 

/o\ 

r ujb ^ (_/ ^^ / , z,j u lug I — 1 cap \c 

^s{xq) 

Combining these estimates, we obtain: 



n = 2. 



// < C(t, n) 5-("-2)2r /■ H ^^^ ^ > 3. 

J/ < C(r, 2) <5Mog^^ f 1) / ^rfx, n = 2. 
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Since 2r > 1, obviously S^ < 5"-("-2)2r jf ^ > 3^ and S^ < 5^ log^^ (|) in 
the case n = 2. Thus, the above inequahties for I and // yield the desired 



estimate for J^„ '-^ dx. 



U 



The proof of the next proposition is very similar to that of Proposition 15.51 
with obvious changes in the orders of Bessel potentials, and so we omit it. 

Proposition 5.6. Let 1 < 2t < min (;^, 2). Let u = {1 — A)^-*^^, where 
ijj e C^iBsixo)), < (5 < 1. Then 



(5.28 






(xo) 



p2i 



■ dx, 



n > 3: 



j(a;o) 



p2i 



dx. 



n 



2; 



We can now complete the proof of the implication ()5.4|) ^ ()5.5|) . Let e C 
Bs{xq) be a set of positive capacity, and let ■0 = {ipk}^=i, where -0^ G 
C^{Bs{xq)), k = 1, . . . , n, and < 6 < 1. Denote by P = 6*2 * A* the poten- 
tial of the equilibrium measure /i associated with e which satisfies properties 
(a) — (e) listed above. Pick r so that (j5.12|) holds. 

We next apply ()5.4|) with u = P'^ and v = -p^, where w = div (1 — A)~^'i/j. 
(Since u,v & M^^'^(M"'), we can actually use that inequality for mollifiers of u 
and V and then pass to the limit as in |MV2j .) We obtain: 



\{Q,w)\<ei\\\/P 



5-r||2 



C{e) 



(5.30) 



pr 



Il2(R") 
2 

L2(]R' 



IP' 



T||2 



lL2(IRn) 



+ 



C{e) 



w 



2 

LH 



Let us assume that n > 3. From the preceding inequality where w 
div (1 — A)~^^, we deduce using Propositions 15.21 - 15.61 



{Q, div (1 - A)-^i!) < c{n, r) e ( cap (e) + cap (e)^" — ^ 



(5.31) 



X 



1 _|_ ^n-{n-2)2' 



Me] 




ioTa\\'^eC^{Bsixo)T. 

Letting f = -V(l - A)-^Q, we have: 



(Q,div(l-A)-V) = (f,V^), 
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where F G L'^^^{M."')"-' . (This formal equation was justified in the sense of 
distributions in [MV2 under a weaker assumption that Q is form bounded 
with respect to —A.) 

Now taking the supremum over all -0 e C^(Bs{xo))"', we deduce, as in 
PV2l : 

2 o2t .„ / „/ \ 2 / „„„ / \ , „„„ /„n2t C^l^J 



/ |r|^ F^^ dx < c{n, t) e^ ( cap (e) + cap (e 

(n-2)2r^(*= 



X 



1 _|_ ^"-("-2)2 



e 

Since P(x) > 1 quasievery where, and hence dx-a..e. on e |AHj . it follows that, 
for every compact set e C Bs^xq) of positive capacity, 

I |f|2 dx < c(n, r) e^ ("cap (e) + cap {ef^ '^\ (l + 5-("-2)2r^^ ^ 
Thus, 

iP^ < an. r) ^ (l + cap (e)-' ^) f 1 + r---)-^) . 
cap(e) V e y V e / 

Since cap (e)^^-! < c{n, r) 5("-2){2r-i)^ j^ follows that 

L^^^ < c{n, r) e' (l + ^^^^^^^^^-i) ^^ fl + 5"-("-2)2-^^ . 
cap(e) V e / V e / 

Taking the supremum over all e and letting 5 -^ +0, we obtain: 

lim sup — -—- < e. 

5^+0e:diame<5 Cap (c) 

The case n = 2 requires usual modifications where a logarithmic term ap- 
pears, as in Proposition 15. H[ 

A similar argument using Proposition 15.61 shows that the same inequality 
holds with I7I in place of |rp. This proves ()5.5|) . which yields ()5.2j) . The proof 
of Theorem I is complete. D 

Theorem II stated in Sec. |21 is an immediate consequence of Theorem I 
combined with Theorem 14. II and Corollarv 14.31 

6. Form subordination criteria 

Suppose Q G V'{W^), n > 2, and (3 > 0. In this section we study quadratic 
form inequalities of Trudinger type; i.e., we characterize Q for which there 
exist positive constants c and eo such that, for every e G (0, eo), 

(6.1) KQm, w)| < e||V^i||i2(R„) +ce~^||M||^2(Rn), Wu e C^ 



00 /TijnN 





fix) 


dx<CiS'' ^+l+^ 


< 6 < 60, 


(^o) ' 




|7(x) rfx<C2<5" ^+l+^ 


< 6 < So, 


(^o) 
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By Corollary 13 .Hf this is equivalent to the existence of C > and (5o > 
such that 

(6.2) \{Qu, u)\ < C 5^ \\Vu\\l,, \/ueC^iBsixo)), 

for all 6 G (0, 60) and xq G M". Moreover, if eo = 1 then one may set 60 = 1; 
if eo = +00 then 60 = +cxd, and the converse is also true. 

We are now in a position to prove the following theorem which combines 
Theorems IV and V stated in Sec. |21 

Theorem 6.1. Let Q G V'{W'), n > 2, and p > 1. Then the following 
statements hold. 

(i) Suppose there exist 60 > 0, and T G Lf^^iW")"', 7 G Lf^^ such that 

(6.3) g = div f + 7, 
where T and 7 satisfy respectively the inequalities: 

(6.4) 

(6.5) 

with the constants Ci, C2 which do not depend on Xq and d. Then there exist 
c > and cq > such that ()6.1|) holds for every e G (0, cq). 

(ii) Conversely, suppose ()6.1|) holds for every e G (0, eo). Then Q can be rep- 
resented in the form ()6.3|) where T G L^jj^(]R"), 7 G L^qj,(M") satisfy respectively 
conditions ()6.4|) and ()6.5|) . 

(iii) //eo = 1, then one can set 

(6.6) f=-V(l-A)-iQ, 7 = (l-A)-ig, 

zn (Q, ^^/iere 60 = I in (Q, (ESI)- 
//eo = +00, then one can set 

(6.7) f = vA-ig, 7 = 0, 

m ()6.3|) . where 60 = +00 m ()6.4|) . ()6.5|) . 

Proof. We first prove statement (i). Suppose /? > 1 and m G C^(i?5(a;o)). 
Suppose that Q is represented in the form ()6.3p . and estimates ()6.4p . ()6.5|) 
hold for every 6 > 0, i.e., (5o = +00. Applying the multiplicative inequality for 
nonnegative measures ([M2!, Theorem 1.4.7) to |rpda; and I7I dx respectively, 
we get: 

f 2{I3-1) 4 

/ \r{x)\^\u{x)\^dx<Ci\\Vu\\^V'' \\u\\iv, 
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and 

f 2,3 2 

/ \i{x)\\u{x)\''dx<C2\\Vu\\]t' \\u\\]t'. 
Hence, 

\{Qu, u)\ < {fu, Vu) +|(7M, u)\ 

< ||rM||i2 ||Vu||l2 + ||7|up||2,i 

^ (-^l ||Vli||^2 IP|Il2 + '-^2 I I V«| 1^2 ||"'|li2 • 

Combining the preceding estimates with the inequahty ()H.H|1 . 

||m||l2 < c(n) (5 1 1 Vu||l2, ug C^{Bs{xq)), 

we obtain: 

|(gn, ^/)| < C5^ ||Vi/|U2, i/ G Co^(55(xo)). 

By Lemma f3. II this imphes ()6.ip . 

If 5o = 1, then in the proof above one has to replace ||Vm||l2 with the in- 
homogeneous Sobolev norm ||i/||iyi,2, and apply Corollary 1, Sec. 1.4.7 [M2] 
together with ()3.3|) . For an arbitrary ^o, one can use ||Vti||L2 + 5q^ \\u\\l'^ 
in place of ||ti||vi/i.2 and the corresponding analogue of the multiplicative in- 
equality for positive measures in |M2j . This completes the proof of statement 

«• 
We now prove statement (ii). We first establish a localized version of (ii) 

which holds for every /3 > 0. Let rjs^xoi.^) = V (^x^) "where r] G C^(i?i(0)) is 

a smooth cut-off function such that \rj{x)\ < 1 and |Vr7(x)| < 1 for x G -Bi(O). 

It is worthwhile to observe that in all localized estimates below the constants 

will not depend on a particular choice of 77. 

Proposition 6.2. Suppose Q G P'(M"), n > 2, and (3 > 0. Suppose that 
(j6.2|) holds for every 6 G (0, Sq), where either (5o = 1 or Sq = +00. Then the 
following inequalities hold: 

(6.8) \{Qu,v)\<c6^\\Vu\\l2\\Vv\\l2, u, v e C^{Bs{xo)), 
and, in particular, 

2 I n — 2 

(6.9) \{Qvs,.o,v)\<c6^+—\\Vv\\l2, veC^iBsixo)). 
Moreover, if 6 > Sq = 1, then 

(6.10) \{Qvs,xo,v)\<cd^+'^\\Vv\\L2, veC^iBsixo)). 



Proof. Clearly, ()6.8|) follows from ()6.2|) by the polarization identity. Letting 
"W = Vs,xo in ()6.8|) one deduces ()6.9|) . Finally, in the case Sq = 1 and 6 > 1, 
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()fi.l()|l follows by using a polarized form of ()fi.l|l where one sets e = 1, and 
u = Vs,XQ, V G C^{Bs{xq)), together with estimate (j3.3p : 



\{Qvs,xo, v)\ < J\\Vr]s,^o\\l^ + c\\r]s,^,\\l2 JW^vWl^ + c\\v\\l2 



<C6'+'^\\Vv\\l2. 

D 

We now establish certain localized versions of the necessary condition for 
fni) and (Q. 

Proposition 6.3. Suppose Q e V'{W), n>2, andp>0. Suppose that (Q 
holds for every 6 G (0, Sq), where either 60 = 1 or Sq = +00. Let T and 7 be 
defined by (jfi.fij) if Sq = 1, or by ()(17j) if 60 = +00. 
(i) For n > 3, 

[ \V{l-A)-\r]s,,,Q)\'dx<c6^^''-\ 0<S<1, 

and 

[ \{l-A)-\7]s,.,Q)\dx<c6^+''~\ 0<6<1. 

(ii) For n> 3 and 60 = +00, 

f |VA~l(r/^,^,Q)|2dx<c5^+""^ 0<(5<+oo. 

Jr" 

(iii) For n >2, 

[ |V(1 - A)-\rjs,,, Q)\'dx < cSTh+^-', < 5 < 1, 

JBsixo) 

and 

[ \{l-A)-\7]s,xoQ)\dx<c6^^''~\ 0<6<1. 
Jr" 
(iv) For n> 2 and 60 = +cxd, 

[ |VA-^(%^,g)pdx<c5^+""^ 0<5<+oo. 

Jbs{xo) 

Proof. We first consider the case 60 = 1- The homogeneous case 5o = +00 will 
be treated in a similar way. 

We pick another cut-off function ( G C^(i?i(0)) such that ({x) rj{x) = r]{x), 

and let C5,xo{x) = C (^)- Let V^ G Co°°(R")^ Setting t> = a,xo div (l-A)-^ 
in ()6.9|) we obtain: 

2 I n — 2 
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(6.11) x( (VC5,..o)div(l-A)-V +||Vdiv(l-A)-Vl|L2 

It follows, e.g. from the Plancherel theorem, 

||Vdiv(l-A)-V||L^<c||V^|U2. 
Obviously, 

|VC<5,xo(2;)| < C^'^ <C\X- Xor\ X G Bs{xq). 

For n > 3, applying the preceding estimates together with Hardy's inequality, 
we obtain: 

I VO.xol^ |div (1 - A)- VP dx<c f I Vdiv (1 - A)" VP dx<c\ |V^| 1^2. 

s{xo) J 

Thus, in case n > 3, 

2 I n-2 



(6.12) \{Qvs,xo, div(l - A)-V)| < c6—^^ 

or equivalently. 



L2, 



(6.13) 



/ Vil-A)-\r]s,,,Q)-^{x)dx 



2 I ra-2 



|L2- 



Minimizing over all -)/', we obtain: 



(6.14) 



< c5^+""^ 



||V(l-A)-^(775,.oQ)L2(iR„) 

Remark 6.1. In the case n = 2, the preceding estimate fails even for non- 
negative Q. It can be replaced with a weaker estimate: 

(6.13') ||V(1 - A)-\r]s,., Q)||'2(K2) <c6^ log-, < S < 1. 

Nevertheless, the following localized version still holds for every n > 2. 
We set V = C5,a:odiv(l — A)~^ip in ()6.9j) where in this case we assume that 

ip G C^^Bs^xo))"". Since supp'0 C Bs{xo), we deduce from fj6.11|) that, for 
X G Bs{xo), 

|div(l-A)-V(2:)|<c / \VG2{x-y)\my)\dy 

JBsixo) 

<c \x-y\^-''\if{y)\dy, 

J\x-y\<2S 

where G^, is a Bessel kernel of order u > 0. Here we have used the known 
estimate (see, e.g., |AHj . Sec. 1.2.5): 

|VG'2(x)| < cG'i(x) < c|x|^~", \x\<l, n>2. 
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We now apply the inequality (see |AHj ): 

\x-y\^-^\^{y)\dy<c5M\i^{x)l 



'\x~y\<2& 

where M is the Hardy-Littlewood maximal function operator. Hence, by the 
maximal function inequality, 

(6.15) / |Va.o(x)Hdiv(l-A)-V>)rrfx<c||M|^1||i. <c||^||i.. 

JBs{xo) 

This gives: 



/ V(l-A)-i(%xoQ)-^(x)rfx 

JBdxn) 



2 I Ti-2 



L2- 



l^+n-2 



(6.16) 

J Bs{xo) 

Minimizing over all such t/^, we arrive at the estimate: 
(6.17) / |V(1 - ^)-\v5,x, Q){x)\^ dx<c6 

JBsixo) 

We now estimate / |(1 — A)~^{ris^xo Q)(^)l dx. Let be a compactly sup- 
ported function, (f) G L°^(]R"), and set v = Q^xo (1 — ^)~^(p in (j6.9j) . where (s,xo 
was defined above. Then 

\{V5,x,Q,{l-^)-'<P)\<c6Th + ^ 

Z-2 11/1 A\-lj,l|2 , IIV7/1 A^-lJ,l|2 



1 
l/'TDJ^A 



X (r^ 11(1 - A)-vili2(^,(.,)) + ||v(i - A)-vili2(^, . .. )2 



Notice that Ga e L^(R"), n > 2, and hence 

||(i-A)-V||l°o<||0||loo||G'2||li. 

This gives: 

r2||(i-A)-Vlliw^o))<c'^"~'ll<^lli- 

Similarly, VGs e ^^(M"), n > 2, and so 

||V(1-A)-V||loc<||0||loo||VG'2|Ui, 

which implies: 

||V(l-A)-V||i2(^,(.,))<c5"||0||i.. 
Since 5 < 1, we can combine the preceding estimates to get: 

\{Vs,xoQ, (1- A)-V)| = m-A)-\r]s,xoQ), 0)1 <C(5W+"- w^wL-. 
This yields 

(6.18) / \{l-A)-\r]s^x,Q){x)\dx<c6^^^''-^ 0<6<1. 
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Analogous inequalities hold in the homogeneous case <5o = +00. If n > 3, 
we set in dHll) v = O.xodivA-^in (jHll), where ^ G C^(M")". Estimating 
exactly as above, using Plancherel's theorem and Hardy's inequality, we get: 

(6.19) f \VA-\r]s,^^,Q){x)\^dx<c6^+''-^, < 5 < +00. 

For ri > 2, we assume that ip G C^{Bs{xo))^, and notice that, for x G Bs{xo), 



\diY A-'^ -^{x)] < c " ^ r^_^ dy< c6 M{\iIj\){x). 

J\y-x\<25 F ~ yr 

Applying the maximal function inequality, we deduce as in the inhomogeneous 
case: 

/ \VCs,.,{x)\^\diYA-'if{x)\^dx+ f iVdiv A- V(a:)Nx<c 11^11^2. 
This yields: 
(6.20) f |VA-i(r75,^o, Q)(x)pdx<c5^+""^ < 5 < +00. 

JBsixo) 

D 

We now state the key lemma which gives estimates of the global "antideriv- 
ative" of Q. 

Lemma 6.4. Suppose Q G ©'(M"), n>2, and P > 0. Suppose that ()6.2|) holds 
for every 6 G (0, ^o); where either 6q = 1 or 6q = +00. Then the following 
statements hold: 

(i) For So = I and (3 > 1, 

|V(l-A)-ig|2dx<C(5^+"-', 0<(5<1, 

5(a;'o) 

and 

f \{l-A)-^Q\dx<c6^+''-\ 0<6<l. 

JBsixo) 

(ii) For 5o = l andO < P<1, 
[ |V(l-A)-ig-mB,(.o)(V(l-A)-iQ)|2t/x<C(Jw+"-2^ < 6 < I, 

JBsixo) 

and 

[ \{l-A)-'Q\dx<c5^+"-\ 0<6<1. 

JBsixo) 

(iii) For 60 = +cx) and (3 > 1, 



L 



|VA-ig|2d2;<c5^+"-^ 0<5<+oo. 



Bsi^o) 
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(iv) For 5o = +00 and < /3 <1, 

:^+"-^ 0<5< +00. 



JBsixo) 



Proof. We fix xq G M" and 5 > 0, and define a special partition of unity {ipj}^^ 
associated with 5 and Xq. (For the sake of convenience, we will suppress the 
dependence of ipj on 5, xq in our notation used below.) 

Let Tis^x^ix) = rj i l^~^°l j^ where r] G C(j"(]R+) is such that r]{x) = 1 if 

< X < I and r]{x) = if x > 1. Next, we pick C e C^(M+) so that ((x) = 
if < 2; < i or x > 2, and C(x) = 1 if | < x < 1, and set 






Letting (l)s,xo{x) = Y.^=o ^lxo(^)' '^^ ^^^ ^^^^ clearly ^^^^^ e C^iW"), and 
1 < <Ps,xo{x) < 3. We now set 



(6.21) 

We observe that 
(6.22) 

and 



i/jjix) 



(p5,xo{x)' 



J = 0,1, 



0<^,(x)<l, |V^,-(x)|<— , J = 0,1,... 



(6.23) J2 ^^•(^) = 1' ^^- ^ C'o°°(S2.5(a:o) \ S2.-2,(xo)), j = 1,2, . . . . 

j=0 

We also denote by ipj, J = li2, . . ., a function in C^(i32J5(a;o) \ -52^-25(2^0)) 
with a slightly larger support so that 

~ ^ c 

ijj{x)ijj{x) = 'iljj{x), I Vtfjj (x) I < — . 

We now prove statement (i). Let < 6 < 1 and /3 > 1. Using ()6.23|1 . we 
obtain: 

+00 

5^|V(l-A)-i(V^,Q)| 

i=o 



\V{1-A)-'Q\\l2^Bs(xo))< 



L^Bsixo)) 



Suppose that j = 0, 1,2. Since ifjj G C°°(i?45(xo)), by Proposition 16. 3| 

'-^jQ)\\L'HBs{xo)) 



\Vil-A)-\^PJQ)\\r2m.(..^^<c^^^'^. 



For j > 3, notice that 

|V(1- A)-i(^,Q)(x)| = |V(1- A)-i(^,^,g)(x)| = \{^P,Q, VG2(x--)^,)|. 
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Fix X G Bs{xo). Applying ()6.9|) with i/jj in place of ijs^xo^ VG'2(x — ■)iIjj in 
place of V, and 2^6 in place of 6 respectively, we obtain: 

|V(1 - A)-\^, Q){x)\ < I {ijj Q, V(l - A)-'G2{x - •) V^,) 

<c{2^)Th+^ ||V(VG2(x - ■)i^,)\\LHB,,,M), 
for 2^ < 1. For 2-' (5 > 1, a similar estimate follows from ()6.10|) : 

|V(1 - A)-i(V.,g)(x)| < c (2^5)2+^ ||V(VG2(x- •)t^,)IU^(B,,,(.o))- 

Let y e B2Js{xo)\B2i-2s{xo). Then 2^_^< \y-x\ < 2^+^6, j > 3. Using the 
preceding inequalities, together with ()6.22|) and the estimates for the Bessel 
kernel (see, e.g., pOlj . Sec 1.2.5): 

c 



\VG2ix-y)\< 



In-l' 



VVG2{x-y)\< 



\x-y\ 



\x-y 
\VG2{x-y)\ < ce-l^-^l 
we get: 

\WyiiVG2)ix~y)^,iy))\ < \WG2ix ~ y)\\V^,iy)\ 



\x-y\< 1, 
x-y\> 1, 



+ |VVG'2(x-2/)|^,(y)< 



for 2^ < 1, 



and 



Hence, 



(2^(5)"' 
|V,((VG'2)(x-?/)V^,(y))|<ce-2^^ for 2^(5 > 1. 



||V(VG2(x- ■)^,)llL^(i.,.,(.o)) < c(2^5)te-^^^ 



if 2^(5 < 1, 
if 2^6 > 1. 



Since (3 > 1, it follows that j^ — 1 < 0. Thus, for x G Bs{xq), we have 



uniform estimate: 



[loj 



■2 Jl 



J]|V(l-A)-i(V^,Q)(x)|<c J2 (2^'^) 



2 I ri — 2 



i=3 



i=3 



+ CXD 



+ c Yl {2'6r+'e~^''<c6^-\ 



i=[iog2 1] 



Hence, 



5^|V(l-A)-i(^,Q)( 
i=3 



a; 



2 I n-2 



LHBsixo)) 
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From the preceding estimates it follows: 

||v(i-A)-ig||i.(5,(.„))<c5w+^. 

A similar argument yields the estimate: 

f 1(1- A)-^g|dx<c5w+"-2^ 0<<5<1. 

JBsixo) 

We have: 

„ +00 „ 

/ 1(1 - Ar' Q\dx<j2 1(1 - A)-' ii^m dx. 

J Bs{xo) j^Q J Bs(xo) 

By Proposition 16.31 

1(1 - A)-^ (^,g)| dx < c5^+'^-2^ 0<5<1, 



s{xo) 

for j = 0, 1, 2. If j > 3 and x G Bs{xo), we estimate using Proposition 3.3 as 
above: 

1(1 - A)-i {ij,Q){x)\ < |(V^,g, G^ix - ■) ii,)\ 
if 2^ < 1. For 2^6 > 1, 



1(1 - A)-i i^P,Q)ix)\ < ciVSy^"^ \\V{G,{x - ■) ^,) 



|L2. 



Suppose n > 3. For y G i?2J5(a;o) \ -B2J-25(a;o), we have 2-' ^(5 < |y — x| < 
2^+15, j > 3. Hence, for 2^5 < 1 and \x - y\ < 1, 

|V(G2(x - 2/) V^,(2/))| < \VG2{x - y)\^,{y) + G2(x - y) | V^,(y)| < c(2^-(^)i-". 

Similarly, for 2-^5 > 1 and |a; — y| > 1, 

\W{G^{x-y)i,,{y))\<ce-'''. 

Thus, 

||V(G2(a;--)V^,)llL2<c(2^'(5)^-t, if 2^5 < 1, 

\\V{G2{x--)^,)\y<c{2^yie-^'', if 2^-5 > 1. 

It follows: 

+00 log § 

5^ 1(1 - A)-i (^,g)(x)| < c $^(2^-5)i^ + J] (2^5)"+^e-2^^^ < C, 
where C does not depend on 5. 
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A similar uniform estimate holds in the case n = 2 as well, since G2{x — y) < 
c log 275 if 2^ <\x - y\ < 2^+'^6 and 2^ < 1, and hence 

+0O 1°S f 

J]|(l-A)-i(^,g)(x)|<c^log|^(2M)w+ Y. i2^fe-'''<C, 

i=3 j=3 i>log| 

where C does not depend on 6. 

Combining the preceding estimates we obtain: 

Jbs{xo) 

which proves statement (i) of Lemma 16.41 

To prove statement (ii), we modify the above argument as follows. For 
j = 0, 1, 2, it follows from Proposition 3.4 that 

Jbs{xo) 

Obviously, this gives as well the estimate: 

|V(1 - A)-i (^,Q) - mB,(,.„)(V(l - A)-i (^,Q))p dx < c6^+''-', 

>(^o) 

where < 6 < 1. 

For j = 3,4, .. . and x,x' G Bs{xo), we deduce the following uniform esti- 
mate: 

|V(1 - A)-i (^,Q)(x) - V(l - A)-i {^|J,Q){x')\ 

< \{^P,Q, (VG2(x - ■) - VG2(x' - ■))V^,)| 

< c(2^5)w+^||V((VG2(x - ■) - VGalx' - ■))fy\\L^, 



if 2^6 < 1; for 2^ > 1, there is a similar estimate with /? = on the right-hand 
side. 

The rest of the proof is similar to the case (3 > 1. For x,x' G Bs{xo) and 
y ^ B23sixo) \ B23-2s{xo), in the case 2^6 < 1, we use the estimates 

I VG2(x -y)- VG2(x' - 2/)| < C(5 (2^5)-^ 
|VVG2(x - ?/) - VVG2(x' - 2/)| < c5 (2^(5)-"-\ 
together with similar estimates: 

\VG2{x-y)-VG2{x' -y)\ <c5e-^'\ 
\WVG2{x -y)- VVG2{x' -y)\< c5e-^'\ 
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in the case 2^6 > 1. From this it follows exactly as in the proof of statement 
(i): 

|V(1 - A)-' ii{jjQ){x) - V(l - Ay' ii{^jQ){x')\ < c6{2^)-^+^, V5 < 1, 

|V(1 - A)-' {'>^J,Q){x) - V(l - A)-' {'>P,Q){x)\ < c6e-^'^, 2^ > 1. 

Hence, for every (3 > 0, and x, x' G Bs{xq): 



J2 |V(1 - A)-' i^,Q)ix) - V(l - A)-' i^,Q)ix')\ < c5- 
i>3 






Consequently, 
f |V(l-A)-ig-mB,(,.„)(V(l-A)-ig)|2dx<cr-'+w, 0<6<1. 

JBfiixn) 



Notice that a lower term estimate 

f \{l-A)-'Q\dx<c6''-^+^, 0<S<1, 

Jbs{xo) 

was proved above for every f3 > 0. This completes the proof of statement (ii) 
of Lemma 16.41 

The proofs of statements (iii) and (iv) in the homogeneous case are similar 
but simpler, and follow by using analogous estimates for the derivatives of 
Riesz kernels in place of Bessel kernels. D 

Statement (ii) of Theorem 16.11 now follows from Propositions 16.21 and 16.31 
The proof of Theorem 16.11 is complete. D 

Remark 6.2. Estimates similar to those used in the proof of Lemma 16.41 in 
the inhomogeneous case 6o = 1, give additionally that ()6.2p implies: 

f \V{l-Ay'Q\^dx< A 

Jbi{xo) 

for all /3 > 0, where the constant A does not depend on xq G M". In particular, 
for P = 1, this inequality together with the mean oscillation condition proved 
in Lemma in!ll(ii), gives that V(l — A)^^Q G bmo(M"). For < (3 < 1, similar 
estimates yield: 

||v(i-A)-ig|U^(fin)<s. 

Together with the mean oscillation condition of Lemma 16.41 (ii) this gives: 
V(l-A)-igGLipw3(M"). 

The following theorem, which also uses Lemma 16.41 in the necessity part, 
treats the case < /? < 1. 



(6-25) / r{x) - mBs{xo)0^) 

JBsixo) 
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Theorem 6.5. Let Q e V'{W), n > 2, andO < P <l. Then the following 
statements hold. 

(i) Suppose that there exist T G Lf^^i^^)"^ and 7 G Lif^^ such that 

(6.24) g = divf + 7, 

where T and 7 satisfy respectively the inequalities: 

dx<Ci6''"^^^, 0<5<6o, 
(6.26) / |7(x)| rfx<C2 5"-'+W, 0<S<6o, 

JBsixo) 

with the constants Ci, C2 which do not depend on xq and d. Then there exist 
c > and eo > such that fl6.1|) holds for every e G (0, eo). 

(ii) Conversely, suppose ()6.H) holds for every e G (0, eo). Then Q can be 
represented in the form ()6.24|1 where T G Lf^^(W^)"', 7 G Lf^^iW") satisfy 
respectively conditions ()6.25|) and ()6.26p . 

(iii) If eo = 1, then one can set 

(6.27) f = -v(i-A)-ig, 7 = (i-A)-^g, 

in dnm, where 60 = I m (IfT^ . (jH^Sl)- 
If ^0 = +00, then one can set 

(6.28) f = VA-^Q, 7 = 0, 

m ^HM . where 60 = +cx) m (jFT^ . (jn^HD- 

Proof. We need only to prove statement (i) since (ii) and (iii) follow from 
Lemma 16.41 Suppose < /3 < 1 and Q is represented in the form ()6.24j) so 
that ()6.25j) . ()6.26|1 hold. The proof is very similar to the case /3 > 1 except for 
the estimate 

2/3 2 

\{Qu, u)\ = \{Tu, Vn)| < cllVwIIlt" ||^i|llt^ u G Co°°(R"), 



or, equivalently by Corollary ISl 

(6.29) \{Qu,u)\ = \{fu,\/u)\<c5^\\Vu\\l2 u e C^iBsixo)). 

We use known characterizations of the Morrey-Campanato spaces. In par- 
ticular, for < /5 < 1, condition ()6.25|) is equivalent to the condition T G 
LipQ,(R"), where a = j^. In other words, 

|f(2;) - f(x')| < C\x - x'l", \x - x'\ < (^0- 
Then, for u G C^{Bsixo)), 



\{fu,Vu) 



(r - mBg[xo)(^)) -^uudx 

Bs{xo) 



1-13 

< c5^+i^ I Wui \u\ dx. 

5(a;o) 
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Using Schwarz's inequality and the estimate 

(6.30) / \u{x)\Pdx<c6P \Vu{x)\Pdx, u e C^{Bs{xo)), 

JBs(xo) JBs{xo) 

with p = 2, we obtain (j6.29p . 

In the case /? = 1, we have f G BMO(M") if 5o = +oo, or f G bmo(M") 
a 6o = 1 respectively. To prove ()6.29|) we apply Holder's inequality with 
exponents ^^, 2, and p so that -^ + ^ + ^ = 1, where 2 < p < :^, and 
n>2: ^ 



\{Tu,Vu) 



JBsi'xo) 



< c||r-mB^(^o)(r)|| 2p ||Vm||l2{b,(xo)) \\u\\lp{Bs{xo))- 

Lp-2 (Bsixo)) 

It is well-known (and is a consequence of the John-Nirenberg inequality) 
that f G BMO(M") if 6o = +oo, and respectively f G bmo(M") if 6o = 1, yield 

/ \f-mB,i,,){f)\Pdx<c6^, 0<6<6o, 

JBsixo) 

for any 1 < p < oo. Applying this inequality together with ()fi.H()|) . we obtain 
()6.29|) . This completes the proof of Theorem 16.51 D 

It is easy to see that in the case /3 = 1 and eo = +oo, the sufficiency part of 
Theorem 16.51 is equivalent to the inequality 

\{fu, S/u)\ < c||f||BMO(IR") ||w|U2(R") ||Vw||L2(]gn), Vm G C^iW). 

By duality, the preceding inequality yields: 

As an immediate consequence, we obtain the vector-valued quadratic form 
inequality mentioned in Sec. |21 

\\{U- V)M||7^1(IRn) < c||u||2,2(Kn) | | Vm | | 2,2 (JJn) , dlV M = 0, 

for all MG C^{WY. 

Both of the preceding inequalities are corollaries of the following nonho- 
mogeneous version of the div-curl lemma in the case p = 2. For the sake of 
completeness, we give a proof which is similar to that in |CLMSj where it is 
assumed additionally that div u = . 

Lemma 6.6. Let I < p < +oo and - + ^ = I. Let u e W^^p{WY and 
V G W^'P'iW). Then 

||div(lii))||^i(Kn) < c( ||ti||LP(IR")||Vy||^p'(]g„) 

(6.31) + ||divw||i:p(i;n)||t;||^j,/(]g„) ), 
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where c does not depend on u and v. 

Proof. Without loss of generality we may assume that u G C^(]R")" and 
V G Co°°(M"). Fix0 G C^{Bi{0)) and set (ps = ^""'^(f), 6 > 0. Let B = Bs{x), 
xeR"". Then 



||div(wi;)||7^i(iB;n) 
Note that 



sup |div('ut;) -k (psl 



x-y 



div (uv) -k (f)s{x) = -5 ^ " / V0 ( — — j ■ u{y) {v{y) - mB{v)) dy 
+ <5""mij(t;) / cf)s{x -y) div u{y)dy. 



As in the proof of Lemma II. 1 in |CLMSj . pick a, (3 so that 1 — 1 = 1 — 
and 1 < a < p, 1 < /? < p'. By Holder's inequahty, 

\d:w{uv)^ci)5{x)\ < c Tr" j \u{y)fdti\' U-^-"' j \v{y)-mB{v)fdy 

+ c\mB{v)\5~'^ j \(iivu{y)\dy. 
Jb 

By Poincare's inequality, 

r"-^' f \v{y) - mB{v)fdy^ ^ < c ( r" f \Vv\A " < c{M\Vv\''{x))i , 
where M is the Hardy-Littlewood maximal operator. Also, clearly, 

\mB{v)\6''^ / \dwu{y)\dy < Mv{x)M{dwu){x). 
Jb 

Combining these estimates, we get: 

\div{uv)i^(j)six)\ < c{M\uf{x))^ (M|V^;|''(x))^ + cMv{x) M {div u){x). 

Applying Holder's inequality together with the maximal inequality, we obtain 
flOTll . D 

The following corollary is an immediate consequence of Theorem l(i.5^ Re- 
mark 6.2, and the characterizations of the Morrey-Campanato spaces men- 
tioned above. 

Corollary 6.7. (i) Under the assumptions of Theorem \6.5\. in the case (3 = 1, 
condition ()fi.25|l holds if and only if T & BMO(M") if 6o = +cx), and respec- 
tively f G bmo(M") z/5o = 1. 
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(ii) Similarly, in the case < /? < 1, condition ()6.25p holds if and only ifV 
is in the homogeneous Lipschitz space Lipi-^fM") if 6o = +oo, and respectively 

in the corresponding inhomogeneous space Lipi-^fM"') if 5q = 1. 

Remark 6.3. In the case < /? < 1, Theorem 16.51 and Corollary 16.71 can 
be restated directly in terms of conditions imposed on Q using the scale of 
Triebel-Lizorkin spaces F^''^ (or Besov spaces B^'^ if < /? < 1) with negative 
index a (see, e.g., |Trij ) . 

More precisely, it is easy to see that, for /? = 1, conditions ()6.25|) and ()6.26|) 
in the homogeneous case are equivalent to Q € Fo^^'^(]R") = BMO_i(]R"). For 



2/3 



< /? < 1, an equivalent condition on Q is given by: Q G Foo v-^^ ; — 

Boo^^^' (M"). Similarly, in the inhomogeneous case we have Q G F^^'^(R") 

for /? = 1 and Q G Boo'^"' (M'^) respectively. 

Finally, we are in a position to characterize multiplicative quadratic form 
inequalities of Nash's type: 

(6.32) \{Qu, u)\ <C\\Vu\\%,^^, ll^llSml Vu G C^^™'^^ 



where p G (0, 1). 

Corollary 6.8. Suppose Q G /^'(M"), n > 2, and < p < 1. Let p^ = :^ 
and p* = ^^. Then ()6.32j) holds if anyone of the following conditions is valid: 

(a) < p < p^ and Q = 0. 

(b) p = p^ andQ e L°^{W). 

(c) p^ <p <p* and Q = divF, where T G Lip„_|_;^_p(.„_^2)(^")- 

(d) p = p* andQ = divf, where T G BMO(M"). 

(e) p* <p<l andQ = divf, where f e C^'^{W), and X = 3n + 2-2p{n + 2). 
Conversely, if ()6.32|) holds then conditions (a) -(e) are valid where one may 

setf = VA-ig. 

Corollary 16.81 follows by combining Theorem 16.11 and Theorem 16.51 with 
CoroUarv 13.31 and Remark 3.1. 
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